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A B S T R A C T

Sand liquefaction is a critical geotechnical phenomenon in which saturated sand experiences a sudden loss of 
shear strength, resulting in various engineering failures. While past studies have extensively investigated 
liquefaction behaviour, the influence of waveform has received little attention. In particular, the connection 
between macroscopic mechanical behaviour and microscopic fabric evolution remains largely underexplored. To 
address this limitation, this study employed the Discrete Element Method (DEM) to simulate a series of undrained 
cyclic triaxial tests. The results revealed that rectangle waves caused the most severe liquefaction as a result of 
greater loading acting for a longer duration and produced unconventional liquefaction behaviours, as compared 
to sine and triangle waves. With coordination number (CN) and the deviatoric part of the second invariant of the 
fabric tensor (J2), this study demonstrates that both CN and J2 can effectively capture the liquefaction process. 
However, J2 exhibited two distinct peaks at loading reversal points within the same cycle, expressing the 
inherent asymmetry in fabric anisotropy. A new indicator JR

2 was thus proposed to quantify the difference in 
peaks and a unified threshold value was identified, being a consistent marker for distinguishing liquefaction 
stages. Finally, a unified 3D liquefaction path was constructed integrating J2, stress ratio (η), and shear strain 
(εd). This unified framework provides deeper insights into the interplay between macromechanical response and 
microscopic fabric, offering a comprehensive perspective on liquefaction mechanism.

1. Introduction

Sand liquefaction is a devastating geotechnical phenomenon where 
saturated sand experiences a sudden loss of shear strength under dy
namic loading, leading to large deformations and behaving as a liquid. 
As a result, this phenomenon has led to various spectacular engineering 
failures [1], such as bridge collapses in the 1999 Chi-Chi earthquake [2,
3], ground subsidence in the 2008 Wenchuan earthquake [4], clay flow 
in the 2018 Sulawesi earthquake [5,6], and landslides in the 2023 
Jishishan earthquake [7]. These recurring disasters have posed signifi
cant challenges to the geotechnical community for performing advanced 
research into liquefaction mechanism [8,9].

Since the 1964 Alaska and Niigata earthquakes, cyclic triaxial tests 
have been extensively used to investigate the factors affecting lique
faction behaviours. Seed [10] introduced an equivalent method to 
substitute actual seismic recording with a sine wave. Subsequent studies 
have revealed the influence of soil properties such as saturation degree 

[11,12], grain size distribution [13–15], void ratio [16], and initial 
anisotropy [17–22] on liquefaction potential. Regarding cyclic loading 
properties, considerable research has been devoted to examining the 
effects of adopted frequency and amplitude [23,24]. However, the 
widely adopted sine waves, characterised solely by a single component 
in the frequency domain, fall short of truly representing real seismic 
waves, which certainly exhibit complex superpositions of multiple 
harmonic components [25–28]. Recently, Zhu [25] designed a special 
experimental program with the consideration of three different wave
forms (i.e., triangle, sine and rectangle waves) and discovered that 
rectangle waves caused a significantly higher liquefaction risk while 
maintaining the same cyclic stress ratio (CSR). This mechanism coexists 
with another mechanical aspect, in which the rapid loading reversal in 
rectangle waves is inherently linked to a very high loading rate [25,29]. 
Such conditions contribute to a greater resistance of sand specimens to 
deformation, in accordance with the conclusion drawn by Ishihara [30].

Relying on triaxial testing, the aforementioned studies succeeded in 
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establishing the cyclic strength curve based on the applied waveform. 
Yet, the concept of a triaxial specimen within a representative elemen
tary volume serves merely as a macroscopic observation for describing 
sand liquefaction. For a triaxial specimen containing a vast number of 
grains, even state-of-the-art measurement techniques remain incapable 
of precisely recording microscopic evolution [31–37], such as grains 
arrangement and fabric anisotropy [31–37] that has been shown to 
significantly influence sand liquefaction [17,18,38–41].

For addressing fabric features, the discrete element method (DEM) 
has been widely adopted [42–46], offering a powerful numerical 
approach for simulating granular materials and enabling detailed anal
ysis of fabric characteristics throughout the liquefaction process 
[47–49]. For instance, Gu et al. [31] identified a linear relationship 
between the coordination number and the effective mean principal 
stress at the critical state. Wang et al. [33] proposed the mean neigh
bouring particle distance (MNPD) to characterize the interparticle dis
tance and further established a relationship between MNPD and the 
post-liquefaction shear strain. Otsubo et al. [32] revealed that the sig
nificant increase in fabric anisotropy during cyclic loading could serve as 
a pertinent precursor to soil skeleton collapse. They further proposed the 
concept of effective anisotropy to better explain the observed macro
scopic behaviours. Ni et al. [50] demonstrated the suitability of DEM for 
analysing large post-liquefaction deformations, highlighting the direct 
correlation between axial strain evolution and fabric properties. Lv et al. 
[26] applied DEM to study the mechanical behaviour of soil-fibre mix
tures under three waveforms, concluding that rectangle waves trans
ferred higher energy to the soil skeleton. Meanwhile, the presence of 
fibres enhanced energy storage capacity, thereby mitigating dissipative 
strain energy. Despite the successful application of DEM in studying 
macroscopic and microscopic soil behaviours and their relation in be
tween, research directly addressing the influence of different waveforms 
on liquefaction properties, particularly concerning the evolution of 
fabric characteristics, remains a paucity in the literature.

In order to overcome the above limitation, this study used the 
discrete element method (DEM) to investigate the effects of different 
waveforms on liquefaction behaviours under undrained triaxial condi
tions. Through the evolutions of excess pore water pressure and effective 
stress path, the distinct liquefaction development patterns were first 
clarified. Key fabric properties, such as coordination number and fabric 
tensor, were then adopted to establish the link between mechanical 
properties across micro and macro scales. Finally, a unified 3D lique
faction path was proposed to deepen the understanding of how anisot
ropy accumulation triggers sand liquefaction with the consideration of 
waveform.

2. Simulation methods

In this study, the discrete element software PFC6.0 was employed to 
conduct a series of constant volume cyclic triaxial tests, which has been 
widely recognised as an alternative for considering undrained behav
iours [51,52]. To enhance computational efficiency, real particle 
morphology was simplified to spheres, and the particle size distribution 
was scaled up by 6.5 times, as shown in Fig. 1. To compensate for this 
oversimplification, the rolling resistance model was adopted. The model 
considers the rolling friction between non-spherical particles to effec
tively mimic their rolling characteristics during shearing [53–56]. The 
model parameters calibrated by Zhao et al. [36] for a commercially 
available reference sand (HN31) were adopted in this study, as listed in 
Table 1. To ensure consistency with the DEM framework, the maximum 
(emax = 0.858) and minimum void ratios (emin = 0.619) were also 
determined through DEM-based simulations following the procedure 
described in Ref. [57].

The DEM cubic specimens (5 cm × 5 cm× 5 cm) were generated with 
a void ratio e of 0.79 (ID = 0.28), followed by the application of a 
consolidation pressure of 200 kPa until the specimen’s volume stabi
lised. The loading plates not only sealed the boundaries to maintain 
constant volume, but also directly applied effective stress to the speci
mens. A servo mechanism was employed to precisely control the applied 
stress by actively adjusting the position of the loading plates in response 
to feedback. Stress-controlled cyclic loading was then applied at a fre
quency of 0.1 Hz using sine, triangle, and rectangle waves, respectively. 
Seven cyclic stress ratios (CSR, the shear stress amplitude divided by the 
confining pressure) of 0.125, 0.15, 0.175, 0.20, 0.22, 0.25, and 0.262 
were selected. To ensure phase consistency, all three waveforms 
included a half-cycle (5 s) of compression and extension. For sine and 
triangle waves, the loading reversal points were precisely synchronized 
for further analysis (see Fig. 2). In contrast, rectangle waves maintained 
a constant stress during each half-cycle, with the rapid transitions be
tween compression and extension. Similar to experimental research, the 

Fig. 1. Grain size distribution curve and DEM specimen.

Table 1 
DEM model parameters with rolling resistance model.

Linear Group Particle-Particle Particle-Facet

Effective Modulus E* 1.0E+08 1.0E+08
Normal-to-shear Stiffness Ratio κ* 2.0 2.0
Friction Coefficient μ 0.43 0
Dashpot Group
Normal critical damping ratio βn 0.20 0.20
Shear Critical Damping Ratio βs 0.20 0.20
Dashpot Mode Md 3 3
Rolling-Resistance Group
Rolling Friction Coefficient μr 0.20 0
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occurrence of 5 % double-amplitude (DA) axial strain [58,59] was set as 
the yardstick for recognising liquefaction onset.

3. Simulation results

3.1. Typical liquefaction behaviours

Fig. 3 displays the evolution of the excess pore water pressure ratio ru 
(ru = Δu/σ’

c) against the number of cycles Ncyc under three waveforms 
and different cyclic stress ratios CSRs. The graph shows that ru gradually 
grew up as cyclic loading was applied. In the initial stage, the accu
mulation rates for three waveforms were nearly identical. However, as 

Ncyc increased, the rectangle wave exhibited a much faster accumulation 
rate. Near liquefaction triggering, ru steadily approached a value very 
close to 1.0. Regarding the impact of loading intensity, higher CSRs 
notably reduced the Ncyc needed to reach liquefaction. As for the impact 
of waveform, triangle waves required the highest Ncyc to reach ru = 0.90 
(see reference lines in Fig. 3), whilst rectangle waves required the few
est. The sine waves can be deemed to be the case in between. It is 
interesting to notice that the profiles for triangle and sine waves clearly 
exhibited a “double-peak” structure, whereas only “single-peak” struc
ture was found for rectangle waves.

The effective stress paths of the DEM specimens subjected to 
different waveforms and CSRs are grouped in Fig. 4. All curves origi
nated from the same point under the isotropic pressure of 200 kPa. With 
the progress of shearing, the effective stress paths continued to move 
toward the origin owing to the accumulation of excess pore water 
pressure (see Fig. 3). After passing through the phase transformation 
state (PTS), the DEM specimens experienced a slight dilatation, followed 
by a pronounced contraction upon the loading reversal. During the 
subsequent loading process, triangle and sine waves formed the so- 
called butterfly orbits along the Failure Line (FL), passing through the 
origin twice per cycle. This aligns with the “double-peak” structure in 
Fig. 3. In contrast, the butterfly orbits associated with rectangle waves 
passed through the origin only once per cycle, consistent with the 
“single-peak” structure shown in Fig. 3.

Fig. 5 displays the evolutions of axial strain εa as a function of Ncyc. 
As the cyclic loading was applied, εa exhibited only small oscillations, 
representing a quasi-elastic behaviour. With further loading, the 
amplitude of εa was sharply amplified. Based on the selected criterion of 
DA εa reaching 5 % (see solid markers in Fig. 5), the cyclic strength 
curves are plotted in Fig. 6. The graph shows that the three curves are 
clearly arranged from top to bottom as triangle, sine and rectangle 
waves, respectively. Combined with the observations in Figs. 3 and 4, it 

Fig. 2. Evolutions of imposed deviator stress in terms of time.

Fig. 3. Evolutions of excess pore water pressure ratio against number of cycles under different waveforms and CSRs.
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can be now deduced that (i) rectangle and triangle waves induced the 
most and least severe liquefaction risk, with sine waves falling in be
tween [25]; (ii) the liquefaction pattern induced by rectangle waves 

distinguishes itself from the other two waveforms.
To highlight the unusual liquefaction responses induced by rectangle 

waves, a simulation result with CSR = 0.22 is discussed in detail, as 
depicted in Fig. 7. Several gauges points are put in the graph to help 
track changes. During the continuous dilatancy accumulation from point 
1 (PTS) to point 2, the contractive potential of the specimen was notably 
enhanced [30]. In response to the instantaneous loading reversal from 
extension (point 2) to compression (point 3) in subplot (a), the specimen 
entered an immediate loading state. With the high contractive potential 
at point 2, sand liquefaction was finally triggered, resulting in the for
mation of a prominent peak on the excess pore water pressure curve. 
While maintaining a constant stress level (from point 3 to point 4), the 
excess pore water pressure remained almost constant. From compression 
(point 4) to extension (point 5), an instantaneous unloading was done in 
accordance with the rectangle wave. In contrast to the previous 
instantaneous loading phase (from point 2 to point 3), the confining 
pressure of the specimen decreased sharply, which theoretically pro
moted significant unloading contraction [30] due to the associated 
reduction in shear strength. Under the instantaneous unloading char
acteristic of the rectangle wave, the specimen lacked a sufficient time 
interval to fully develop its expected contractive deformation. As a 
result, the contraction was incomplete, preventing the occurrence of a 
second peak on the excess pore water pressure curve. For triangle and 
sine waves, the imposed stress varied in a gradual manner without time 

Fig. 4. Effective stress paths under different waveforms and CSRs.

Fig. 5. Evolutions of axial strain against number of cycles under different waveforms and CSRs.

Fig. 6. Cyclic strength curve with σ’
c = 200 kPa.
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mismatch. Even under reversal loading with reducing confining pres
sure, the soil specimen still has a sufficient time interval to complete its 
deformation, resulting in the formation of a second peak. The above 
mechanism can logically explain how instantaneous reversals in rect
angle waves produce the single-peak structure on the excess pore water 
pressure curve.

4. Microstructural characteristics during sand liquefaction

The interactions and contacts at the particle scale form the global 
bearing system capable of resisting external forces and generating pore 
water pressures. Consequently, the number of particle contacts and the 
degree of anisotropy serve as critical indicators for assessing liquefaction 
process. To bridge the microscopic characteristics and the relevant 
macroscopic behaviour with the consideration of different waveforms, 
this study selected two key microscopic quantities: (i) coordination 
number (CN) and (ii) the deviatoric part of the second invariant of the 
fabric tensor (J2). Both quantities are well established in previous 
research [33,36,50].

4.1. Evolution of coordination number and fabric tensor

The coordination number (CN) is defined as the average number of 
contacts per particle. From a microscopic perspective, a higher CN, in 
general, indicates a more robust force chain system, therefore contrib
uting to a better shear resistance.

As shown in Fig. 8, the evolutions of CN exhibited a similar trend 
under three waveforms. Before cyclic loading, the initial values of CN 
were nearly equal at approximately 3 since the same initial state was 
assigned to all DEM specimens. With cyclic loading, CN gradually 

decreased with the increase in Ncyc, and the descending rate notably 
accelerated as the specimens approached Ncyc/NL = 1 in Fig. 8. For 
different waveforms and CSRs, initial liquefaction (defined as DA εa 
reaching 5 %) consistently occurred for all specimens when CN 
decreased to a narrow range of 2.3–2.5. At this stage, the particle as
sembly lost most of its interparticle contacts and transitioned into a 
“semi-suspended” state. When ru increased to 1.0, all CN values further 
decreased to approximately 1.0, implying that the bearing system was 
completely destroyed and the particle assembly exhibited a liquid-like 
response. In the post-liquefaction stage, CN displayed periodic varia
tions between 1.0 and 2.5 as the specimen underwent repeat cycles of 
strength degradation and recovery due to cyclic mobility.

According to the above, the development of sand liquefaction asso
ciated with the build-up of excess pore water pressure can be understood 
as the gradual loss of interparticle contacts at the microscopic scale. 
Despite the changes in CSR and waveform of the external loading, the 
microscopic responses in terms of CN remains highly unified. The CN 
values equalling to 2.5 and 1.0 correspond to the liquefaction criterion 
(i.e., DA εa = 5.0 %) and the initial occurrence (i.e., ru = 1.0), respec
tively. Therefore, those two values can be considered as the intrinsic 
properties of granular materials, further independent of external loading 
conditions.

To investigate the anisotropy degree during sand liquefaction, the 
second-order contact normal fabric tensor (Fc) was used. The tensor can 
be defined following [60]: 

Fc =
1
Nc

∑Nc

k=1
vk

c ⊗ vk
c (1) 

where Nc is the amount of particle contacts and vk
c is the unit direction 

Fig. 7. Detailed responses near liquefaction with rectangle wave and CSR = 0.22: (a) imposed deviator stress (b) effective stress path (c) excess pore water pressure.

Fig. 8. Evolutions of coordination number and excess pore water pressure against normalized number of cycles under different waveforms.
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vector pertaining to the kth contact, respectively. Since Fc is a symmetric 
matrix, it can be decomposed into three eigenvalues (F1, F2 and F3 ∈ [0,
1]). Given that vk

c is a unit vector, the first invariant I1(Fc) is identically 
equal to 1 at all times. Therefore, the deviatoric part of the second 
invariant of the fabric tensor J2(Fc) can be expressed as:  
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

J2(Fc) =
1
3
(
I2
1(Fc) − 3I2(Fc)

)
=

1
3
− I2(Fc)

I1(Fc) = F1 + F2 + F3 = 1

I2(Fc) = F1F2 + F1F3 + F2F3

(2) 

where the range of J2 is from 0 to 13. Analogy to the principal stress 
space, the three eigenvalues (i.e., F1, F2 and F3) have been shown to span 
a principal fabric place [36], in which J2 reflects the anisotropy degree. 
When J2 = 1/3, interparticle contacts are concentrated in a single di
rection, thus reaching the maximum anisotropy. Conversely, when J2 =

0, interparticle contacts are uniformly distributed in all directions, 
resulting in the attainment of theoretical isotropy.

Fig. 9 displays the evolution of 
̅̅̅̅̅
J2

√
under different waveforms. Prior 

to cyclic loading, all specimens were in the isotropic consolidated state 
with 

̅̅̅̅̅
J2

√
very close to zero. After the initiation of cyclic loading, 

̅̅̅̅̅
J2

√

began to periodically vary in response to the imposed deviator stress. 
With the increment in the loading amplitude, 

̅̅̅̅̅
J2

√
exhibited an upward 

trend. It reached two different peaks (referred to as “C-peak” and “E- 
peak”), corresponding to the loading reversal points in the compression 
and extension stages, respectively. Owing to the lower confining pres
sure during the extension stage, the specimen exhibited reduced shear 
strength and thus became more prone to deformation. This led to a 
stronger arrangement of oriented particles and a greater E-peak 
compared to the C-peak within the same cycle. In contrast, as loading 
amplitude decreased, the accumulated anisotropy gradually released 
and reached a minimal value when the imposed deviator stress was 
reduced to zero.

It is of great importance to notice that both the C-peak and E-peak 
values progressively rose as Ncyc increased, reflecting the gradual 
accumulation of fabric anisotropy during liquefaction process. While 
approaching liquefaction, the accumulation rate accelerated and finally 
reached a summit at the moment of liquefaction with Ncyc/NL = 1.0. 
Following this, the specimens exhibited fluid-like isotropic properties, 
causing 

̅̅̅̅̅
J2

√
to diminish in a sudden manner. During the cycles of 

strength degradation and recovery in the post-liquefaction stage, 
̅̅̅̅̅
J2

√

also displayed a periodic pattern, closely resembling that observed for 
CN in Fig. 8. The gap between C-peak and E-peak after liquefaction 
became smaller than that prior to liquefaction triggering, consistent 
with the observations in the accompanied study [36]. More importantly, 

this study further proves that this phenomenon still holds true even 
when different waveforms are employed. As for the effect of waveforms, 
the curves depicted by 

̅̅̅̅̅
J2

√
exhibited a clear “memory feature”, with 

their outlines displaying a strong resemblance to the imposed wave
forms governed by both q and σ’

c. This suggests the existence of a cor
relation between fabric properties and mechanical indicators, which will 
be discussed in detail in the next section.

Fig. 10 displays the threshold values of 
̅̅̅̅̅
J2

√
at liquefaction (i.e., Ncyc/ 

NL = 1.0) as a function of CSR. The graph contains the results of all 
simulations, covering three waveforms and seven CSRs. Despite CSR 
varying between 0.125 and 0.262 and waveform altering from triangle 
to rectangle, the scatter points remain closely aligned with the same 
fitting line. This indicates that, although the cyclic strength curve at the 
macroscopic scale indeed changes with waveforms (see Fig. 6), the 
liquefaction mechanism in terms of fabric anisotropy at the microscopic 
scale is unique. Different waveforms are more likely to significantly 
change the build-up of excess pore water pressure and thereby create 
their own cyclic strength curve (see Fig. 3). However, the anisotropic 
threshold is independent of external loading conditions and is solely 
determined by the initial soil structure, reconfirming that it is an 
intrinsic property of granular materials, in agreement with the conclu
sion for CN.

4.2. Evolution of anisotropy at loading reversal points

As justified in Fig. 9 that fabric anisotropy exhibits two distinct peaks 

Fig. 9. Evolutions of 
̅̅̅̅̅
J2

√
against number of cycles and normalized number of cycles under different waveforms.

Fig. 10. Square root of J2(Fc) at NL/Ncyc = 1.0 for initial liquefaction.
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(referred to as C-peak and E-peak) at the loading reversal points within 
each cycle, the evolutions of these peaks are summarized in Fig. 11. Both 
curves can be fitted with a Sigmoid function in a high confidence in
terval, as fabric anisotropy displayed minimal growth in the early stage 
but significantly increased as liquefaction approached. This conforms to 
the characteristic trend determined by the Sigmoid function. In spite of 
the different waveforms, C-peak and E-peak form two unified curves. 
Therefore, it can be inferred that the anisotropic property during the 
compression and extension phases across different stages of liquefaction 
equally reflects an inherent property determined by the initial soil 
structure. With the progress in liquefaction, the difference between C- 
peak and E-peak decreased with Ncyc/NL. To directly quantify this 
change, a new indicator JR

2 is defined in Fig. 12 as follows: 

JR
2 =

̅̅̅̅̅

JC
2

√

̅̅̅̅̅

JE
2

√ (3) 

where JC
2 and JE

2 represent the value of C-peak and E-peak, respectively. 
JR

2 is constrained to a maximum value of 1 because JE
2 is greater than JC

2 . 
It can be observed in Fig. 12 that (i) most points before the liquefaction 
onset are concentrated in the bottom left part; (ii) after liquefaction 
onset, the majority of points shifts to the upper right part; (iii) JR

2 
equalling to 0.7 delineates the boundary between pre- and post- 
liquefaction phases. In addition to the fabric anisotropies themselves 
at the loading reversals points, their difference within the same cycle 
also effectively reflects the development of sand liquefaction. It is 
essential to mention that while the coordination number CN strongly 
maps the evolution of excess pore water pressure Δu (see Fig. 8), its 
definition limit the ability to capture any asymmetry of anisotropy at 
loading reversals points, which is very important in understanding 
liquefaction process. With this consideration, fabric anisotropy is 
adopted hereinafter to construct a three-dimensional macro-micro 
liquefaction path.

4.3. Three-dimensional liquefaction path

Within the framework of critical state soil mechanics, the stress ratio 
η (η = q/ṕ ) and shear strain εd (εd = 1.5 × εa in undrained conditions) 
describe the mechanical response of sand under cyclic loading. Fig. 13
depicts the relationship between η and εd at the loading reversal points. 
During both the compression and extension phases, the stress ratio and 
shear strain form a unified curve. Starting from the origin (η = 0), the 
stress ratio rapidly increased with small shear strain. As cyclic loading 
progressed, the specimens produced greater deformation to sustain the 

same level of external loading. As the absolute value of εd approached 
3.3 % (corresponding to the adopted liquefaction failure with DA εa 
equalling to 5.0 %), two curves flattened with η gradually stabilizing 
toward their respective asymptotes. These values correspond to the 
Failure Line (FL) in Fig. 4, representing the failure state of the specimen. 
Due to the asymmetry in stress-strain responses between compression 
and extension, the fitting functions and FL differ between the two pha
ses. However, they remain continuous at the origin, ensuring a smooth 
transition. For DEM specimens sharing the same initial structure, the 
relationship between η and εd remains unchanged, regardless of varia
tions in CSR and waveform.

Fig. 14 illustrates the relationship between 
̅̅̅̅̅
J2

√
and η at all reversal 

points. The results show a clear functional relationship between fabric 
anisotropy and stress ratio. As the absolute value of η increases, J2 ex
hibits a monotonic rise. And the exponential-based fitted functions still 
satisfy the continuity at the origin. When η approach the FL (i.e., η−max 
and η+max), J2 ceases to evolve and settles around the endpoints of the 
curve. Similar to the earlier cases, the macro-micro relationship in 
Fig. 14 remains independent with any variations in loading intensity or 
waveform. Therefore, with η, εd and 

̅̅̅̅̅
J2

√
are adopted, a 3D plane inte

grating both microscopic fabric properties and macroscopic mechanical 
responses can be established. In soil mechanics, (i) η is a crucial indicator 

Fig. 11. Evolutions of C-peak and E-peak against normalized number of cycles.

Fig. 12. Distribution of JR
2 under different waveforms and CSRs.

Fig. 13. Relationship between the stress ratio and shear strain at loading 
reversal points.
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within the framework of critical state theory to characterize the failure 
behaviour under complex stress conditions; (ii) εd is capable of mapping 
the nonlinear stress-stain relationship and dynamics properties of soils 
[30,50]. The connection between the above two indicators and 

̅̅̅̅̅
J2

√

should provide a deep insight into the interplay across different scales 
and enables more accurate description of sand liquefaction while 

considering various loading scenarios including different waveforms.
Fig. 15a presents a three-dimensional coordinate system containing 

the simulation results with CSR = 0.20. The corresponding loading 
reversal points are circled in the graph. Despite different waveforms, the 
points basically fall on the same curve, which is the liquefaction path 
proposed in this study. Following this logic, Fig. 15b summarizes the 

Fig. 14. Relationship between 
̅̅̅̅̅
J2

√
and stress ratio at loading reversal points.

Fig. 15. Relationship between J2, stress ratio η and shear strain εd under CSR = 0.20 at loading reversal points: (a) sine wave; (b) triangle wave; (c) rectangle wave; 
(d)3D liquefaction paths of all specimens.
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loading reversals points across all simulations results. A unified “funnel- 
shaped” path can be formed, containing both the compression (η ≥ 0 and 
εd ≥ 0) and extension (η ≤ 0 and εd ≤ 0) stages. This observation re
inforces the idea that the relationship between soil microstructure and 
macroscopic responses such as stress ratio and shear strain is an inherent 
property of the initial soil structure, rather than the specifics of the 
applied loading waveform or intensity. The path can be fitted using the 
following functions to guarantee the continuity at the origin: 
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0.058 × η2.885 −
1.137×εd ×

̅̅̅̅̅
J2

√

0.967 + εd
= 0 (η ≥ 0)

0.09 × (− η)2.69
−

0.89 × εd ×
̅̅̅̅̅
J2

√

0.62 − εd
= 0 (η ≤ 0)

(4) 

In fact, the 3D liquefaction path can be reduced in dimensionality and 
projected onto two orthogonal planes, thus producing Figs. 13 and 14
discussed earlier. There exists a threshold plane with 

̅̅̅̅̅
J2

√
= 0.064 (see 

Fig. 10) separating the space into two regions: (i) the lower half with 
̅̅̅̅̅
J2

√
< 0.064 corresponds to the pre-liquefaction stage; (ii) the upper 

half with 
̅̅̅̅̅
J2

√
> 0.064 corresponds to the post-liquefaction stage.

For better visualization, a conceptual schematic is highlighted in 
Fig. 16. Before applying deviator stress, the liquefaction path is located 
at the origin (Point 0). After the beginning of cyclic loading, the lique
faction path ascends along the backbone curve to a C-peak (Point 1) in 
the compression stage. Upon loading reversal, the liquefaction path 
descends to zero before ascending again to a E-peak (Point 2) in the 
extension phase. Under the repeated action of loading reversal, the 
liquefaction path oscillates along the backbone curve like a pendulum. 
However, the path is asymmetric on the compression and extension sides 
because E-peak is generally more important than C-peak as previously 
discussed. With further loading, the C-peak and E-peak yielded within 
each cycle become greater than those pertaining to the former cycle and 
finally surpass the anisotropic threshold triggering sand liquefaction 
(Point 4). The specimen suddenly exhibits fluid-like isotropic charac
teristic, causing the liquefaction path to return to zero as the difference 
between C-peak and E-peak diminishes.

For special rectangle waves, the liquefaction path slightly differs due 
to their instantaneous loading and unloading. As a result, the liquefac
tion path jumps between the loading reversal points at the compression 
and extension phases, instead of closely following the backbone curve 
(see Fig. 15a). Although the liquefaction responses induced by rectangle 

waves are quite special due to their instantaneous stress reversals, the 
corresponding liquefaction mechanism across macro and micro scales 
remains unified as long as the initial soil structure is defined.

In general, establishing the relationship between stress ratio and 
shear strain in conventional constitutive models often requires many 
fitting parameters. Some parameters are typically determined through a 
subjective trial-and-error procedure, such as the fabric-dilatancy 
parameter in Bounding Surface Model [61]. Such dependency signifi
cantly impedes the practical application and broader adoption of 
constitutive models in engineering practice. By contrast, the findings of 
this study support the development of microstructure-informed formu
lations that can directly describe complex macroscopic behaviours. This 
advancement has great potential to facilitate the construction of 
constitutive models rooted in microscale physics, enabling a more 
intrinsic representation of the mechanical behaviour of granular mate
rials by directly considering their internal structure and interaction 
mechanisms. It should be noted that, due to the inherent boundary 
limitations of conventional triaxial tests, the principal stress directions 
remain fixed during loading. As a result, while this study focuses on 
fabric evolution under controlled stress paths, it does not encompass the 
additional complexity introduced by principal stress rotation. Previous 
studies [62–64] have demonstrated that such rotation might probably 
influence particle rearrangement and fabric development. Therefore, 
further studies are needed to extend the current micro-scale framework 
to more generalized loading conditions involving stress path rotation.

5. Conclusions

This study employed the Discrete Element Method (DEM) to simulate 
undrained triaxial shear tests under three different waveforms (sine 
wave, triangle wave and rectangle wave) and seven cyclic stress ratios 
(CSR = 0.125, 0.15, 0.175, 0.20, 0.22, 0.25 and 0.262). Through the 
evolutions of (i) excess pore water pressure, (ii) effective stress path and 
(iii) axial strain, the mechanical behaviour was first investigated. The 
coordination number (CN) and the deviatoric part of the second 
invariant of the fabric tensor (J2) were then adopted as microscopic 
indicators to capture interparticle contacts and fabric anisotropy, 
respectively. Due to the compression-extension asymmetry, a new in
dicator JR

2 was proposed to quantify the difference in fabric anisotropy at 
loading reversal points. Finally, a unified macro-micro 3D conceptual 
model integrating stress ratio, shear strain and fabric anisotropy was 
established. The following conclusions can be drawn: 

1. Under the same CSR, rectangle wave requires the fewest cycles to 
trigger initial liquefaction, followed by sine and triangle waves. The 
influence of waveform on mechanical behaviour is primarily re
flected in the shape of the excess pore water pressure curves.

2. CN and J2 exhibit threshold values for the liquefaction triggering. 
These thresholds can be considered to be the intrinsic properties of 
the material.

3. The proposed JR
2 effectively captures the anisotropy difference at the 

loading reversal points. For the DEM specimens involved in this 
study, JR

2 equalling to 0.7 delineates the boundary between pre- and 
post-liquefaction phases.

4. The liquefaction path oscillates along a unified 3D “funnel-shaped” 
curve, accumulating fabric anisotropy in a gradual manner with 
external loading. This finding provides a unified framework for 
describing liquefaction phenomenon across different scales.
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