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Abstract: As urbanization accelerates and surface space becomes increasingly scarce, the development
and utilization of urban underground space have become more critical. The sand–fine mixture soils
commonly found in river-adjacent and coastal areas pose significant challenges to the design and
construction of underground structures due to their unique mechanical properties. In soil mechanics,
the minimum and maximum void ratios are crucial indicators for assessing soil compressibility,
permeability, and shear strength. This study employed the discrete element method (DEM) to
simulate the minimum and maximum void ratios of sand–fine mixtures under various conditions by
setting six fine contents and three mean diameter ratios. The results indicate that as the fine content
increases, these void ratios exhibit a trend of initially decreasing and then increasing, which can
be effectively modelled using a single-parameter quadratic function. Additionally, the initial shear
modulus was closely related to the uniformity of contact distribution at the microscopic level within
the specimens. This study also introduced a dimensionless parameter that simultaneously described
changes in contact distribution and initial shear modulus.

Keywords: sand–fine mixture; minimum void ratio; maximum void ratio; initial shear modulus;
discrete element method; fine content; mean diameter ratio

1. Introduction

With the rapid pace of urbanization and the growing shortage of surface space, the
development and utilization of urban underground space have become increasingly im-
portant. As an effective solution to address surface space limitations, underground space
development offers new opportunities for sustainable urban growth. In river-adjacent or
coastal areas, the prevalent sand–fine mixture soils present challenges to the design and
construction of underground structures due to their unique mechanical properties [1]. In
soil mechanics, the minimum and maximum void ratios, which define the densest and
loosest states of the soil, are crucial indicators of compressibility, permeability, and shear
strength. Therefore, understanding the influence of fine content and mean diameter ratio
on these void ratios is essential for the future utilization of urban underground space.

Previous studies have identified several factors influencing the minimum and max-
imum void ratios [2], such as grain-size distribution [3,4], particle shape [5,6], and fine
content [5,7–11]. Among these, the fine content (FC) and the mean diameter ratio (D/d)
are considered the most important. To describe the evolution of these void ratios, Chang
et al. [12,13] proposed a bilinear model and provided empirical formulas for calibrating the
model’s fitting parameters. Polite [14] later improved this approach by incorporating the
influence of the mean diameter ratio into the empirical formulas. Larrard [15] proposed the
“loosening function” and “wall function” for computing the packing density of mixtures
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and subsequently determined the void ratio of the mixture. Similarly, Shen et al. [16]
used random close packing theory to estimate the void ratios for both the densest and
loosest packings. The minimum and maximum void ratios are also essential for predicting
soil mechanical behaviour. Cubrinovski and Ishihara [2] highlighted the importance of
the void ratio range (emax − emin) in normalizing Standard Penetration Test (SPT) blow
counts and determining the position of the critical state line. Belkhatir et al. [17] conducted
undrained shear tests on sand–fine mixtures with varying fine contents, revealing that
a strong correlation exists between the void ratios and peak undrained shear strength.
Chaney et al. [7] examined the impact of varying fine contents on the minimum and maxi-
mum void ratios of sand–fine mixtures, indicating a correlation between the void ratio and
the static liquefaction potential of sand. Hang et al. [11] analysed the initial shear modulus
of sand–fine mixtures through bender element tests and found that the normalized initial
shear modulus exhibited a negative power-law correlation with both emin and emax.

Although the aforementioned studies have produced successful outcomes, they pri-
marily relied on experimental methods. In experimental research, different researchers
often test their own materials, leading to inconsistencies in particle shape and material prop-
erties. Moreover, the use of various testing standards [18–20] also contributes to increased
data variability, complicating related research efforts. Additionally, it is challenging for
soil specimens to truly reach the minimum and maximum void ratios in triaxial conditions.
As a result, the relationship between the minimum and maximum void ratios and the
mechanical strength of sand containing varying fine content remains underexplored in the
literature. To overcome these limitations, the discrete element method (DEM) was adopted
in this study. In recent years, the DEM has been widely used in geotechnical engineering,
especially due to its ability to preserve geometrical characteristics and control experimental
conditions [4,21–24]. More importantly, the DEM can serve as a bridge, coupling micro-
scopic fabric parameters with corresponding mechanical properties. Several successful
applications highlight the potential of this method. For instance, Zhou et al. [25] used
the DEM to optimize the grading of cement-stabilized laterite granules in West Africa,
reducing the need for extensive laboratory testing. Tan et al. [26] adopted the DEM to es-
tablish the relationship between grain morphology and mechanical properties in artificially
crushed stones with varying shapes and gradations, revealing that the internal friction
angle and cohesion increased with the enhancement of angularities and the curvature
coefficient. Zhao et al. [24] acquired the fabric of sand during liquefaction via the DEM
and expounded the liquefaction mechanism of sand from the viewpoints of fabric and
microstructure. Barnett et al. [27] conducted undrained triaxial shear tests on sand–fine
mixtures using the DEM to determine the critical state line of the mixture and explored
the relationship between the parameter “b” and the critical state of the mixture. Zhang
et al. [28] employed the DEM to study the failure process of a shallow shield cross-river
tunnel face in saturated silty fine sand, analysed the failure mechanism of the cross-river
tunnel face, and developed a new failure model for shallow shield cross-river tunnels in
saturated silty fine sand. Gu et al. [29,30] employed the DEM to study the mechanical
behaviour of soil under both static and dynamic loading, linking it to the contact model
and describing the soil’s behaviour from a microscopic perspective. They found that the
coordination number (CN) and the mechanical coordination number (MCN) can serve as
evaluation indicators for soil liquefaction and critical states, respectively.

This study employed the discrete element method (DEM) to create models of sand–
fine mixtures with varying fine contents, simulating their minimum and maximum void
ratios according to Chinese standards. Based on the simulation results, a physically mean-
ingful model was proposed to effectively estimate the evolution of these void ratios. To
further investigate the relationship between void ratios and mechanical strength, this study
developed numerical sand–fines specimens under triaxial conditions to analyse the corre-
sponding initial shear modulus. Finally, the relationship between soil fabric characteristics
and the evolution of the initial shear modulus was established.
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2. DEM Simulation

The PFC6.0 3D developed by Itasca was employed to conduct numerical simulations
on the minimum and maximum void ratios using spherical particles and the rolling resis-
tance linear model. Compared to other shapes of particles, spherical particles can greatly
reduce the needed computing power, especially when there is a large difference in particle
size between coarse grains and fine particles. By setting the correct parameters with the
rolling resistance model, previous studies have already demonstrated that the utilization
of spherical particles and the rolling resistance linear model can effectively simulate and
replicate the mechanical behaviour of different soils [22,24].

To ensure the consistency and reliability of all DEM simulation results, the numerical
simulations of the minimum and maximum void ratios were performed using the same set
of contact model parameters, as listed in Table 1. In this study, three sand–fine mixtures
were simulated by fixing the diameter of large grains (D = 3 mm) and gradually decreasing
the diameter of small particles (d = 1.5 mm, 1 mm, and 0.5 mm). The grain-size distribution
curves for the studied specimens with different fine contents and mean diameter ratios are
depicted in Figure 1.

Table 1. DEM model parameters with rolling resistance model.

Linear Group Particle–Particle Particle–Facet Unity

Effective Modulus E∗ 1.0 × 108 1.0 × 108 Pa
Normal-to-Shear Stiffness Ratio κ∗ 2.0 2.0 -

Friction Coefficient µ 0.55 0 -
Dashpot Group

Normal Critical Damping Ratio βn 0.2 0.2 -
Shear Critical Damping Ratio βs 0.2 0.2 -

Dashpot Mode Md 3 3 -
Rolling Resistance Group
Rolling Friction Coefficient µr 0.20 0 -
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For these sand–fine mixtures, we also performed DEM triaxial drained tests to establish
the relationship between the initial shear modulus and the evolution of the minimum and
maximum void ratios.

2.1. Minimum Void Ratio Test Simulation

The numerical simulation for the minimum void ratio was designed based on the
main principles outlined in the Chinese national standard GB/T 2015 50123 [20]. Particles
with the specified fine content FC were initially generated with overlaps inside a cylindrical
container measuring 437 mm in height and 100 mm in radius. The dimensions of this
container significantly exceed ten times the maximum particle size (D = 3 mm), thereby
avoiding the consideration of any boundary effects. Due to the initial overlaps, the particles
were uniformly dispersed throughout the container and subsequently settled to the bottom
under a low gravity of g = 3 m/s2. Once the particles reached an initial equilibrium at the
bottom, a top cover was placed to apply an axial stress of 950 kPa. Under the maintenance
of this load, the container with the whole particles was subjected to cyclic vibration (as
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shown in Figure 2). This forced the particles to continuously consolidate until the densest
state was reached. At this state, the total volume and the particles’ volume were measured,
allowing the value of the minimum void ratio to be calculated.
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2.2. Maximum Void Ratio Test Simulation

As for the maximum void ratio, the sand–fine mixtures were first prepared inside a
bottom-sealed container. Once the initial equilibrium was achieved, the container’s bottom
was substituted with a cylindrical diffuser (see Figure 3). This change allowed the particles
to commence free fall with a real gravity of g = 9.81 m/s2. In this step, the purpose of the
diffuser was to minimize the kinetic energy during free fall for the achievement of the
loosest state. After the free fall ended, the particles in the upper layer that formed a cone
owing to friction were removed. The remaining portion was thus used to determine the
corresponding maximum void ratio.
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2.3. Initial Shear Modulus DEM Test

In this study, the initial shear modulus G0 was determined by simulating small-strain
triaxial shear tests. As shown in Figure 4, the sand–fine mixture was generated with
overlaps and later uniformly distributed inside a square container equipped with six servo-
controlled walls. This configuration permitted precise control over the boundary conditions.
The velocities of the upper and lower side walls were precisely adjusted to continuously
apply the shear strain (10−6/s). At the same time, the two pairs of lateral walls exerted
a constant confining pressure of 200.5 kPa on the mixture to establish a triaxial loading
condition. During the shearing process, the axial strain was limited to a very small range
(εa ≤ 10−5), ensuring that the specimen remained within its elastic deformation regime to
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accurately determine its initial shear modulus G0 [21,31–36]. The following equations were
used to measure the initial shear modulus G0:

G =
1
3

× dq
dεq

(1)

dεq =
2
3
(dε1 − dε3) (2)

q = dσ1 − dσ3 (3)

where q is the deviator stress; σ1 is the axial stress; σ3 is the horizontal stress; εq is the shear
strain; and ε1, ε3 are the axial and horizontal strains, respectively.
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2.4. Validation of Contact Model Parameters

The contact model governs the mechanical interactions between particles, so any
changes to the contact model parameters can result in significantly different mechanical
behaviours of the entire specimen. Therefore, setting and validating the parameters within
the contact model is essential. To ensure the reliability of the simulation data and that
the results accurately reflect real-world conditions, we implemented a rigorous validation
programme for the contact model parameters. Using the rolling resistance model and
spherical particles specified in Table 1, we simulated the mechanical behaviour of a reference
silica sand Hostun 31 (HN31) under cyclic triaxial shear conditions [37].

The whole validation process can be decomposed into three steps [24]:

(i) Spherical particles were generated within a cubic domain measuring 0.2 m × 0.2 m
× 0.2 m, maintaining a uniform void ratio. The generated particle size distribution
strictly followed the actual grain-size distribution curve of the HN31 sand. At the same
time, the contact model was established between particle–particle and particle–facet
interactions, and the unbalanced forces between particles were eliminated.

(ii) When the particle generation was completed, confining pressure was applied to the
specimen by controlling the velocity of the walls, which was calculated by measuring
the stress on all walls at each time step. Based on the difference between the measured
value and the target value, the velocity and direction of each wall were adjusted to
ensure precise servo control. Once the consolidation stress reached 200.5 kPa, it was
maintained for a period until the void ratio stabilized.
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(iii) After consolidation, a stress-controlled constant-volume cyclic triaxial shear test
was performed on the specimen using a sine wave consistent with that used in the
laboratory tests. The sine wave had a frequency of 0.1 Hz with a cyclic stress ratio
(CSR) of 0.22 (the amplitude of shear stress divided by the consolidation stress).
During the application of shear stress, both the shear stress and the effective mean
stress were recorded. After the sample failed, the effective stress path was plotted and
compared with the results obtained from laboratory tests on the HN31 sand.

As seen in Figure 5, with the application of cyclic shear stress, the mechanical be-
haviour exhibited by the DEM simulation aligns well with the indoor test: both started
from the point (200,0) and gradually moved towards (0,0), eventually forming a butterfly
orbit near (0,0). Additionally, the amplitude of the shear stress was precisely controlled at
105 kPa, with the curve remaining smooth and exhibiting minimal fluctuation, indicating
the precision and reliability of the servo system. Based on these validation results, it can be
concluded that the contact model and parameters used in this study can accurately reflect
the mechanical properties of sandy soil.

Buildings 2024, 14, 2877  6  of  16 
 

The whole validation process can be decomposed into three steps [24]: 

(i) Spherical particles were generated within a cubic domain measuring 0.2 m × 0.2 m × 

0.2 m, maintaining  a uniform void  ratio. The generated particle  size distribution 

strictly  followed  the actual grain-size distribution curve of  the HN31 sand. At  the 

same time, the contact model was established between particle–particle and particle–

facet interactions, and the unbalanced forces between particles were eliminated. 

(ii) When the particle generation was completed, confining pressure was applied to the 

specimen by controlling the velocity of the walls, which was calculated by measuring 

the stress on all walls at each time step. Based on the difference between the measured 

value and the target value, the velocity and direction of each wall were adjusted to 

ensure precise servo control. Once the consolidation stress reached 200.5 kPa, it was 

maintained for a period until the void ratio stabilized. 

(iii) After consolidation, a stress-controlled constant-volume cyclic triaxial shear test was 

performed on the specimen using a sine wave consistent with that used in the labor-

atory tests. The sine wave had a frequency of 0.1 Hz with a cyclic stress ratio (CSR) 

of 0.22 (the amplitude of shear stress divided by the consolidation stress). During the 

application of shear stress, both the shear stress and the effective mean stress were 

recorded. After the sample failed, the effective stress path was plotted and compared 

with the results obtained from laboratory tests on the HN31 sand. 

As seen in Figure 5, with the application of cyclic shear stress, the mechanical behav-

iour exhibited by the DEM simulation aligns well with the indoor test: both started from 

the point (200,0) and gradually moved towards (0,0), eventually forming a butterfly orbit 

near (0,0). Additionally, the amplitude of the shear stress was precisely controlled at 105 

kPa, with the curve remaining smooth and exhibiting minimal fluctuation, indicating the 

precision and reliability of the servo system. Based on these validation results, it can be 

concluded that the contact model and parameters used in this study can accurately reflect 

the mechanical properties of sandy soil. 

 

Figure 5. Comparison of effective stress paths obtained from the laboratory test and the DEM sim-

ulation [38]. 

3. Results and Discussion 

3.1. Minimum and Maximum Void Ratio 

The variation in the minimum void ratio with different fine contents and mean diam-

eter ratios is illustrated in Figure 6. This figure demonstrates that the minimum void ratio 

initially decreases as the fine content increases until reaching a transitional fine content. 

After passing this transitional point, the minimum void ratio begins to rise in conjunction 

with the fine content reaching 1.0. This inflexion trend reflects the transformation in the 

predominance  of  the main  skeleton within  sand–fine mixtures. Prior  to  the  transition 

point  𝑒୫୧୬
୘ , as shown in Figure 6, coarse grains build the main soil matrix, and the fine 

Figure 5. Comparison of effective stress paths obtained from the laboratory test and the DEM
simulation [38].

3. Results and Discussion
3.1. Minimum and Maximum Void Ratio

The variation in the minimum void ratio with different fine contents and mean diame-
ter ratios is illustrated in Figure 6. This figure demonstrates that the minimum void ratio
initially decreases as the fine content increases until reaching a transitional fine content.
After passing this transitional point, the minimum void ratio begins to rise in conjunction
with the fine content reaching 1.0. This inflexion trend reflects the transformation in the
predominance of the main skeleton within sand–fine mixtures. Prior to the transition
point eT

min, as shown in Figure 6, coarse grains build the main soil matrix, and the fine
particles primarily fill the voids between coarse particles [2,8,9]. This phenomenon causes
the sand–fine mixture to become denser and thus results in a decrease in the minimum
void ratio. On the contrary, beyond the transition point, as the fine content increases, fine
particles gradually replace the coarse grains and construct their own skeleton. In general,
fine particles have a larger surface area as compared to coarse grains, which increases the
number of contact points between them. This hinders the particles from arranging closely
with one another, thereby increasing the void ratio.
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Figure 6. The impact of mean diameter ratio and fine content on minimum void ratio.

The relationship of the transitional minimum void ratio (eT
min) with the mean diameter

ratio D/d is displayed in Figure 7. It can be observed that the transition fine content and
eT

min steadily decreases as the mean diameter ratio increases and gradually converges to a
constant. When the size difference between coarse grains and fine particles becomes more
pronounced, fine particles are more likely to be accommodated within the voids created by
the coarse grains. This enhances the filling effect of fine particles, thereby decreasing the
value of the transitional minimum void ratio [2,7,39].
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To establish the functional relationship between emin and FC, a quadratic function
(y = ax2 + bx + c) was employed to fit the numerical results at various mean diameter
ratios. As shown in Figure 6 and Table 2, the clear benefit of choosing such a function is
that it is smooth in form without any cusps, and it can be easily controlled with only three
fitting parameters. First, in the quadratic function, the fitting parameter “c” represents
the intercept on the y-axis, which refers to the clean sand composed of only coarse grains
without fine particles (FC = 0). This value was directly set as the minimum void ratio of
the provided coarse grains with D = 3 mm, regardless of the mean diameter ratio. Second,
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since the quadratic function attains its minimum point at x = −b/2a (the eT
min mentioned

earlier), the fitting parameter “a” and “b” must satisfy a specific relationship with eT
min. By

combining the above two arguments, the fitting parameters “b” and “c” are expressed in
the following form:

emin = a ×
(

FC)
2 +

(
−2a × eT

min

)
× FC + emin(FC=0) (4)

Table 2. The fitting function and parameters for the minimum void ratio.

D/d Fitting Function (FC∈[0,1]) a b c R2

2 emin = 0.44 ×
(

FC)
2 − 0.45 × FC + 0.63 0.44 −0.45 0.63 0.91

3 emin = 0.74 × (F C)
2 − 0.73 × FC + 0.63 0.74 −0.73 0.63 0.86

6 emin = 1.13 × (F C)
2 − 1.10 × FC + 0.63 1.13 −1.10 0.63 0.87

Regarding the functional relationship between the fitting parameter “a” and the mean
diameter ratio D/d, two special cases can be hereinafter discussed. In scenarios where
the mean diameter ratio equals one, the two materials in a binary sand–fine mixture
are exactly the same size, and the mixture can be considered uniform soil. In this case,
the fitting parameter “a” should equal zero to maintain a constant minimum void ratio,
regardless of the variation in fine content. On the other hand, when the mean diameter
ratio approaches infinity, fine particles are notably smaller than coarse grains. The addition
of fine particles with very small volume in the soil theoretically leads to limited changes
in the minimum void ratio. Combining the above arguments, the function curve between
the fitting parameter “a” and the mean diameter ratio should satisfy the following two
conditions: (i) the curve passes through the point (1,0); (ii) the curve converges to a fixed
value as the mean diameter ratio approaches infinity.

For this purpose, a modified inverse proportional function y = 1.198 ∗ (x − 1)/x was
used to fit the scatter points displayed in Figure 8. The function theoretically passes through
the point (1,0) and exhibits a horizontal asymptote as the x-coordinate tends to infinity. Both
the aforementioned requirements can be satisfied with this function. In conclusion, this study
proposes a methodology that uses only a single intermediate fitting parameter “a” to establish the
relationship between the minimum void ratio and the mean diameter ratio. As a dimensionless
indicator, the mean diameter ratio measures the size disparity between coarse grains and fine
particles, which is the key physical characteristic to understanding the evolution of binary soil–
fine mixtures. Hence, the consideration of the mean diameter ratio (Equations (5) and (6)) offers
explicit physical meaning for the selection of the fitting parameters and avoids the constraints
associated with a reliance on any specific empirical equation.
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Combined with Equation (4), the following can be obtained:

emin = a × ( FC)
2 +

(
−2a × eT

min

)
× FC + emin(FC=0) (5)

a = 1.198 ×

(
D
d − 1

)
D
d

(6)

Figure 9 displays the maximum void ratio (emax) with varying mean diameter ratios
and fine contents. Similar to the minimum void ratio, the maximum void ratio exhibits
the same trend. As the fine content increases, the maximum void ratio initially decreases
and then increases after a transitional point of about 0.4. Consequently, the quadratic
function can continue to be used here to describe the evolution of the maximum void
ratio. Following the same logic, the fitting parameter “c” was set the same (see Table 3) for
different mean diameter ratios, corresponding to the maximum void ratio of pure coarse
grains. The fitting parameter “b” was coupled with the fitting parameter “a” through the
transitional fine content. Finally, the fitting parameter “a” was determined in relation to
the mean diameter ratio, providing a clear physical interpretation for the description of the
maximum void ratio.
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Table 3. The fitting function and parameters for the maximum void ratio.

D/d Fitting Function (FC∈[0,1]) a b c R2

2 emax = 0.46 ×
(

FC)
2 − 0.49 × FC + 0.86 0.46 −0.49 0.86 0.91

3 emax = 0.73 × (F C)
2 − 0.49 × FC + 0.86 0.73 −0.75 0.86 0.89

6 emax = 1.30 × (F C)
2 − 1.31 × FC + 0.86 1.30 −1.31 0.86 0.91

Figure 10 shows the correlation between the minimum and maximum void ratio
of the investigated sand–fine mixtures. For the provided mean diameter ratio, a strong
linear correlation exists between the minimum and maximum void ratio. In particular,
despite changes in fine content, both the minimum and maximum void ratios exhibit a
consistent trend. The phenomena indicate that the introduction of particles of different sizes
into a uniform soil effectively creates a new mixture. Consequently, both the minimum
and maximum void ratios automatically adjust in response to changes in fine content.
Furthermore, in any specific type of sand–fine mixtures, the minimum and maximum void
ratios are highly correlated. This strong correlation reinforces the notion that these ratios
should be considered the intrinsic properties of the new material.
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3.2. Initial Shear Modulus

As the fine content increases, the primary load-bearing structure within a sand–fine
mixture gradually shifts from a matrix of coarse grains to one dominated by fine particles.
This transition leads to a significant change in its mechanical properties. For granular mate-
rial, the initial shear modulus G0 is one of the most important indicators for characterizing
the shear strength. Figure 11 displays the initial shear modulus G0 of different sand–fine
mixtures subjected to a confining pressure of 200 kPa, using small-strain DEM triaxial
shear tests. It is evident from the figure that G0 likewise exhibits an initial decreasing trend
followed by an increasing trend. This is in line with the variations in the minimum and
maximum void ratios. However, no obvious correlation is observed between the G0 and
fine content as the mean diameter ratio increases. Interestingly, the initial shear modulus
for the specimens, with mean diameter ratios of three and six, exhibits a striking similarity
when the fine content is below 0.8; however, both curves exceed that curvewith a mean
diameter ratio of two.
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Figure 11. The impact of mean diameter ratio and fine content on initial shear modulus.
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In general, the mobility of fine particles is much greater than that of coarse grains.
Therefore, as fine particles are introduced, the number of coarse grains that can form the
global load-bearing structure against external load decreases. This results in a reduction in
the initial shear modulus. On the contrary, once the transitional fine content is exceeded,
fine particles begin to form their own structure while coarse particles become loosely
distributed. Consequently, the overall load-bearing structure is enhanced with the addition
of fine particles, leading to a gradual increase in the initial shear modulus.

The DEM triaxial shear tests were equally used to capture the force chain structures
with varying fine contents, as depicted in Figures 12 and 13. Each force chain is represented
as a “bar” connecting the centre of each particle, where the thickness and colour indicate
the magnitude of the force. A thicker bar signifies a greater transmitted force, while a
thinner bar denotes a lower force. Additionally, the magnitudes of all the contact forces were
collected to compute the coefficient of variation (CV) for the entire specimen. As a dimensionless
indicator, the CV is derived from the standard deviation (S) and the mean value (AVG), serving
as an indicator of force chain dispersion. In this study, the CV reflects the homogeneity of the
force chain system. A higher CV suggests that contact forces are more concentrated on a limited
number of contacts, resulting in less uniformity across the entire force chain. The CV, S, and
AVG can be calculated using Equations (7)–(9), respectively.

CV =
S

AVG
(7)

S =

√
1
n

n

∑
i=1

(xi − AVG)2 (8)

AVG =
1
n

n

∑
i=1

xi (9)

where n is the number of contacts in the specimen and xi is the magnitude of the contact
force. The coefficient of variation of contact force with varying fine contents is illustrated in
Figure 12.

Buildings 2024, 14, 2877  12  of  16 
 

where  𝑛  is the number of contacts in the specimen and  𝑥௜  is the magnitude of the contact 

force. The coefficient of variation of contact force with varying fine contents is illustrated 

in Figure 12. 

 

Figure 12. The coefficient of variation in contact force with varying fine contents. 

 

Figure 13. The variation in force chain structure with fine content. 

In the case of a clean specimen with a uniform particle size (𝐹େ  = 0) in Figure 12, the 

entire force chain is evenly distributed, and the small CV indicates less stress concentra-

tion in the main soil skeleton. With the initial addition of fines (i.e., 0 <  𝐹େ  < 0.4), the orig-

inal structure, primarily supported by coarse grains, the stress concentration becomes pre-

vailing, as evidenced by the increase in CV in Figure 12. This indicates a pronounced stress 

concentration with only a few contact points responsible for the transmission of external 

load. Meanwhile, many other contact points remain inactivated, contributing minimally 

to  the structural  integrity. This  likely accounts  for  the observed reduction  in  the  initial 

Figure 12. The coefficient of variation in contact force with varying fine contents.



Buildings 2024, 14, 2877 12 of 16

Buildings 2024, 14, 2877  12  of  16 
 

where  𝑛  is the number of contacts in the specimen and  𝑥௜  is the magnitude of the contact 

force. The coefficient of variation of contact force with varying fine contents is illustrated 

in Figure 12. 

 

Figure 12. The coefficient of variation in contact force with varying fine contents. 

 

Figure 13. The variation in force chain structure with fine content. 

In the case of a clean specimen with a uniform particle size (𝐹େ  = 0) in Figure 12, the 

entire force chain is evenly distributed, and the small CV indicates less stress concentra-

tion in the main soil skeleton. With the initial addition of fines (i.e., 0 <  𝐹େ  < 0.4), the orig-

inal structure, primarily supported by coarse grains, the stress concentration becomes pre-

vailing, as evidenced by the increase in CV in Figure 12. This indicates a pronounced stress 

concentration with only a few contact points responsible for the transmission of external 

load. Meanwhile, many other contact points remain inactivated, contributing minimally 

to  the structural  integrity. This  likely accounts  for  the observed reduction  in  the  initial 

Figure 13. The variation in force chain structure with fine content.

In the case of a clean specimen with a uniform particle size (FC = 0) in Figure 12, the
entire force chain is evenly distributed, and the small CV indicates less stress concentration
in the main soil skeleton. With the initial addition of fines (i.e., 0 < FC < 0.4), the original
structure, primarily supported by coarse grains, the stress concentration becomes prevailing,
as evidenced by the increase in CV in Figure 12. This indicates a pronounced stress
concentration with only a few contact points responsible for the transmission of external
load. Meanwhile, many other contact points remain inactivated, contributing minimally to
the structural integrity. This likely accounts for the observed reduction in the initial shear
modulus up to eT

min in Figure 11. Beyond this point (i.e., FC > 0.4), the force chain formed by
fine particles becomes prevailing. According to Figure 13, the stress concentration within
this structure gradually decreases, leading to a more uniformly distributed load across the
specimen. Consequently, a larger number of contact points are engaged, enhancing the
structure’s ability to withstand external loads. This shift is responsible for the increase in
the initial shear modulus observed after reaching eT

min.
The influence of the mean diameter ratio on the force chain is illustrated in both

Figures 12 and 14. In the overall trend, the increase in the mean diameter ratio amplifies
the concentration of the contact force, further accentuating the disparity between the main
and branch force chains. Meanwhile, this impact becomes increasingly pronounced as the
fine content approaches the transitional state. When reaching the transitional fine content,
the main soil skeleton is in a critical transitional state, dominated by both coarse grains
and fine particles. Therefore, for the particle skeleton formed by the sand–fine mixture,
an increase in the mean diameter ratio leads to a more pronounced force concentration at
limited contacts.
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To correlate the physical characteristics of sand–fine mixtures with their mechanical
properties, it is necessary to establish a connection between the initial shear modulus and
a physical parameter that can aptly reflect the strength of either the force chains or the
main soil skeleton. The minimum void ratio, indicative of the densest state, serves as
a direct measurement of the potential compactness under external stresses. As long as
the introduction of fine particles alters the value of the minimum void ratio, the overall
force chain certainly undergoes a remarkable change. Consequently, the minimum void
ratio measured when FC = 0 can be used as a reference baseline, and the deviation from
this baseline ∆emin can be recorded at various FC values. This leads to the establishment
of a functional relationship between them, as displayed in Figure 15. It is evident from
the graph that there exists an obvious linear relation between G0 and ∆emin. The three
functions all originate from the point FC = 0, and the magnitude of the slope increases
as the mean diameter ratio becomes greater. The ∆emin signifies the transformation of
dominant particles within the skeleton. From the microscopic perspective, the increase in
mean diameter ratio enhances the stress concentration with fewer activated contact points,
amplifying its impact on G0. Combining Formula 5 and 6, the emin can be obtained by
determining its mean diameter ratio, fine content, and minimum void ratio when FC = 0.
Thus, it is feasible to determine the initial shear modulus through limited minimum void
ratio tests and a grading curve.
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4. Summary and Conclusions

This paper employed the DEM to investigate the influence of the fine content and
mean diameter ratio on the minimum and maximum void ratios by using the rolling
resistance linear model. The quadratic function was employed to describe the relationship
between the minimum/maximum void ratios and fine content. By conducting small-strain
triaxial shear DEM tests, the initial shear modulus of the sand–fine mixtures was analysed
with the evolution of the minimum void ratio to establish the relationship between the
mechanical and physical characteristics. The main findings are summarized as follows:

1. Both the minimum and maximum void ratios initially decrease as the fine content
increases until they reach a transitional fine content. The relationship between maxi-
mum and minimum void ratios exhibits an obvious linear pattern regardless of the
fine content and mean diameter ratio.

2. An increase in the mean diameter ratio corresponds to a decrease in both the minimum
and maximum ratios. This trend loses its effect as the ratio approaches a critical value
of 6.5. This suggests a bounded impact for the influence of the mean diameter ratio.

3. The evolution of the minimum void ratio follows a quadratic function characterized
by a single fitting parameter. Due to the strong linear correlation between the mini-
mum and maximum void ratios being independent of the fine content and the mean
diameter ratio, the latter can be effectively predicted using this linear function.

4. In parallel with the evolution of the maximum and minimum void ratios, the initial
shear modulus equally demonstrates a trend that begins with an increase and subse-
quently declines. This trend is punctuated by a transitional fine content, delineating
the above two distinct regimes.

5. From the microscopic perspective, an increase in fine content leads to a transformation
of the global force chain. While approaching the transitional fine content, the stress
concentrates at limited contact points and the force chain thus becomes much more
localized. This explains the initial decrease with the addition of fines (FC < 0.4). With
the further addition of fines (FC > 0.4), fine particles prevail in the global force chain.
At this stage, the addition of fine particles significantly enhances the homogeneity of
the global chain. Because most particles contribute to these force chains, the initial
shear modulus is consequently increased.

It is important to note that the contact model used in this study is uniform, meaning
that the material properties of coarse and fine particles are identical. However, in real-world
conditions, the materials of the two particle types in a mixture often differ, necessitating ad-
ditional research. Additionally, the fitted quadratic equation obtained in this study applies
to cohesionless mixtures, and additional research is required to verify its applicability in
other scenarios.
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