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 A B S T R A C T

The paper considers a high-dimensional interval-valued data factor model with potential structural changes. 
We verify that the number of factors is usually overestimated in the case with structural changes and then 
propose an estimator for the number of breaks by leveraging the finding. We establish the consistency of 
this estimator under certain conditions. Monte Carlo simulation results show that the proposed estimation 
procedure exhibits desired finite sample performance. In addition, an empirical application to S&P 100 stock 
return data further demonstrates the practical usefulness of the proposed method.
1. Introduction

Interval-valued data is currently a major type of symbolic data (Bil-
lard and Diday, 2003). Unlike traditional point-valued data, interval-
valued data not only contains information about the level of the vari-
able but also provides information about the variability of the variable. 
Therefore, interval-valued data generally provides richer information. 
For example, Fischer et al. (2016) formally define return intervals, 
a type of interval-valued financial data that captures the range of 
asset returns within a day. Building on this, Sun et al. (2020) pro-
pose a conditional heteroskedasticity model for such return intervals 
and show that interval-valued volatility models can outperform tradi-
tional GARCH approaches, confirming that interval-valued data indeed 
provides additional useful information. Over the last two decades, ex-
tensive research has been conducted in the field of interval-valued data. 
Classic methods for interval-valued data include the center method (Bil-
lard and Diday, 2000), the center and range method (De Carvalho 
et al., 2004; Lima Neto and De Carvalho, 2008), and the minimum–
maximum method (Billard and Diday, 2002). Researchers have also 
developed many new methods based on these, as detailed in Lima Neto 
and De Carvalho (2010) and González-Rivera and Lin (2013), among 
others. Besides these point-process-based methods for interval-valued 
data, the last decade has also seen research treating intervals as sets 
and analyzing them using random set theory, such as Han et al. (2012, 
2016), Sun (2017) and Sun et al. (2018, 2020).
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E-mail address: wujianhong@shnu.edu.cn (J. Wu).

Most of the methods mentioned above are based on regression 
models. In contrast, to better handle high-dimensional data, Guo et al. 
(2025a,b) analyze high-dimensional interval-valued data from the per-
spective of factor analysis. They propose an approximate factor model 
for high-dimensional interval-valued data and develop estimation pro-
cedures for the number of factors, interval-valued factors, and their 
loadings. However, in their models the loadings are set to be time-
invariant. As the time dimension increases, the loadings are likely to un-
dergo significant structural changes. Ignoring these structural changes 
would inevitably lead to biased estimates, thus affecting subsequent 
statistical inference (Hansen, 2001). To the best of our knowledge, 
although factor models with structural changes have been extensively 
studied in the context of point-valued data, there is still no related work 
on models with interval-valued observations.

This paper introduces a high-dimensional factor model with po-
tential structural changes for interval-valued data and proposes the 
estimation procedure for determining the number of breaks. Under 
the interval analysis framework adopted in this paper, we verify that 
when breaks occur, the model can be equivalently represented as an 
interval-valued pseudo-factor model with stable factor loadings and 
then the number of factors can be usually overestimated. This finding 
forms the basis for the proposed method to estimate the number of 
breaks. Following the sample-splitting strategy of Ma and Su (2018), 
we divide the sample along the time dimension into several segments, 
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resulting in multiple subintervals. Inspired by Wang and Wu (2022) 
and leveraging the theoretical result that the number of factors tends 
to be overestimated in the presence of structural changes, we compare 
the estimated number of interval-valued factors (using the eigenvalue 
ratio-based estimation method proposed by Guo et al., 2025b) across 
adjacent subintervals to identify those containing breaks, thereby de-
termining the number of breaks. Under certain conditions, we establish 
the consistency of the estimator of the number of breaks. All estimation 
procedures are evaluated through Monte Carlo simulations, and the 
results demonstrate that the proposed estimator performs well in finite 
samples. Furthermore, we provide a real data analysis to demonstrate 
the practical usefulness of the proposed method.

The remainder of this paper is organized as follows. Section 2 intro-
duces the high-dimensional interval-valued factor model with potential 
structural changes. Section 3 presents the estimation procedure for the 
number of breaks, along with the required assumptions and theoretical 
result. Section 4 evaluates the finite sample performance of the esti-
mation procedures through simulation experiments. Section 5 provides 
an empirical application to illustrate the practical usefulness of the 
proposed method. Section 6 concludes with a summary of the main 
contributions and a discussion of possible extensions. Detailed proofs 
are provided in Appendix. For the sake of statements, we introduce the 
following notations. For a column/row vector 𝑎, 𝑑𝑖𝑎𝑔(𝑎) represents a 
diagonal matrix, with 𝑎 being the vector of the diagonal elements. For 
an interval 𝑋, we use 𝑋𝐿 and 𝑋𝑅 to denote the left and right bounds of 
𝑋, respectively. The integer part of real number 𝑧 is denoted as ⌊𝑧⌋. The 
transpose of matrix 𝐷 is denoted as 𝐷′. For any set 𝐴, #𝐴 denotes the 
count function of 𝐴. The notations 𝜄𝑚 and 𝐼𝑚 denote the 𝑚-dimensional 
vector with element one and 𝑚 × 𝑚 identity matrix, respectively.

2. Models

Consider the high-dimensional interval-valued data factor model 
with  ( ≥ 0, unknown number) structural changes, 
𝑦𝑖𝑡 = 𝜆′𝑙,𝑖𝑓𝑡 + 𝑒𝑖𝑡, 𝑖 = 1, 2,… , 𝑁, ℎ𝑙 < 𝑡 ≤ ℎ𝑙+1, 𝑙 = 0, 1,… ,. (2.1)

Some notations are as follows, ℎ0 ≡ 0, and ℎ+1 ≡ 𝑇 . The interval 𝑦𝑖𝑡 =
[𝑦𝐿𝑖𝑡 , 𝑦

𝑅
𝑖𝑡 ] represents the observation for individual 𝑖 at time 𝑡. The vector 

𝑓𝑡 = (𝑓𝑡1, 𝑓𝑡2,… , 𝑓𝑡𝑟)′ is an 𝑟×1 unobservable interval-valued factor vec-
tor, where each element is an interval-valued factor 𝑓𝑡𝑗 = [𝑓𝐿𝑡𝑗 , 𝑓

𝑅
𝑡𝑗 ], 𝑗 =

1, 2,… , 𝑟. The 𝑟 × 1 point-valued vector 𝜆𝑙,𝑖 = (𝜆𝑙,𝑖1, 𝜆𝑙,𝑖2,… , 𝜆𝑙,𝑖𝑟)′ is 
the factor loading for individual 𝑖 during the time period (ℎ𝑙 , ℎ𝑙+1], 
where 𝜆𝑙,𝑖𝑗 denotes the point-valued loading corresponding to the 𝑗th 
interval-valued factor for individual 𝑖 in the time period (ℎ𝑙 , ℎ𝑙+1]. The 
interval-valued error term is denoted as 𝑒𝑖𝑡 = [𝑒𝐿𝑖𝑡 , 𝑒

𝑅
𝑖𝑡 ]. In this paper, 

we treat an interval as a set of ordered numbers (Han et al., 2012). 
Therefore, the interval allows the left bound to be larger than the right 
bound, which is the so called extended interval (see Kaucher, 1980; 
Han et al., 2012, for more details). The operational rules involved in 
model (2.1) are adopted from Han et al. (2012) and Sun et al. (2018). 
For intervals 𝑋1 and 𝑋2, (i) Addition: 𝑋1 +𝑋2 = [𝑋𝐿

1 +𝑋𝐿
2 , 𝑋

𝑅
1 +𝑋𝑅

2 ]; 
(ii) Difference (Hukuhara, 1967): 𝑋1 −𝑋2 = [𝑋𝐿

1 −𝑋𝐿
2 , 𝑋

𝑅
1 −𝑋𝑅

2 ]; (iii) 
Scalar multiplication: 𝛽𝑋1 = [𝛽𝑋𝐿

1 , 𝛽𝑋
𝑅
1 ], 𝛽 ∈ R. The rules defined for 

extended intervals ensure that the resulting space is linear, maintaining 
closure under operations and ensuring mathematical consistency.

The above model can also be expressed in the following interval-
valued vector form, 
𝑦𝑡 = 𝛬𝑙𝑓𝑡 + 𝑒𝑡, ℎ𝑙 < 𝑡 ≤ ℎ𝑙+1, 𝑙 = 0, 1,… ,, (2.2)

where 𝑦𝑡 is an 𝑁 × 1 interval vector composed of 𝑦𝑖𝑡, i.e., 𝑦𝑡 =
(𝑦1𝑡, 𝑦2𝑡,… , 𝑦𝑁𝑡)′. Similarly, 𝑒𝑡 = (𝑒1𝑡, 𝑒2𝑡,… , 𝑒𝑁𝑡)′ is an 𝑁 × 1 interval 
error vector, and 𝛬𝑙 = (𝜆𝑙,1, 𝜆𝑙,2,… , 𝜆𝑙,𝑁 )′ is an 𝑁 × 𝑟 point-valued 
loading matrix for the interval-valued factor 𝑓𝑡.

The matrix form of model (2.2) can be written as follows, 
𝑌 = 𝐹 𝛬′ + 𝐸 , 𝑙 = 0, 1,… ,, (2.3)
𝑙 𝑙 𝑙 𝑙

2 
where 𝑌𝑙 = (𝑦ℎ𝑙+1, 𝑦ℎ𝑙+2,… , 𝑦ℎ𝑙+1 )
′ is an (ℎ𝑙+1 − ℎ𝑙) × 𝑁 interval ma-

trix whose elements are interval-valued variables. Similarly, 𝐸𝑙 =
(𝑒ℎ𝑙+1, 𝑒ℎ𝑙+2,… , 𝑒ℎ𝑙+1 )

′ is an (ℎ𝑙+1−ℎ𝑙)×𝑁 interval matrix of error term, 
and 𝐹𝑙 = (𝑓ℎ𝑙+1, 𝑓ℎ𝑙+2,… , 𝑓ℎ𝑙+1 )

′ is an (ℎ𝑙+1 − ℎ𝑙) × 𝑟 interval matrix for 
factors. The number  is unknown and needs to be estimated in this 
paper.

3. Estimation and theoretical results

3.1. Estimation

Before introducing the estimation procedure, we first present the 
definition of the 𝐷𝐾 -distance for interval, as it serves as the founda-
tional tool for estimating the number of breaks. For intervals 𝑋1 and 
𝑋2,

𝐷𝐾 (𝑋1, 𝑋2) =

√

∫𝑢,𝑣∈𝑆0
[𝑠𝑋1

(𝑢) − 𝑠𝑋2
(𝑢)][𝑠𝑋1

(𝑣) − 𝑠𝑋2
(𝑣)]𝑑𝐾(𝑢, 𝑣),

where the unit sphere 𝑆0 = {𝑢 ∈ 𝑅, |𝑢| = 1} = {1,−1}, 𝐾(𝑢, 𝑣)(hereafter 
denoted as 𝐾) is a symmetric and positive definite kernel function, 
and the support function of 𝑋1 becomes 𝑠𝑋1

(𝑢) = 𝑋𝑅
1  if 𝑢 = 1, 

𝑠𝑋1
(𝑢) = −𝑋𝐿

1  if 𝑢 = −1. Moreover, ‖𝑋1 − 𝑋2‖
2
𝐾 = ⟨𝑠𝑋1−𝑋2

, 𝑠𝑋1−𝑋2
⟩𝐾 =

𝐷2
𝐾 (𝑋1, 𝑋2), where ‖ ⋅‖𝐾 and ⟨⋅, ⋅⟩𝐾 denote the norm and inner product 

with respect to the kernel 𝐾, respectively. Moreover, the 𝐷𝐾 -distance 
can effectively capture the rich information within intervals through 
appropriate kernel selection. Indeed, the kernel 𝐾 acts as a weight func-
tion. Specifically, by choosing a suitable kernel, the distance between 
any point pairs across two intervals can be derived as a special case, 
illustrating the flexibility of this framework. For more information on 
the 𝐷𝐾 -distance, please refer to Han et al. (2012).

Inspired by Wang and Wu (2022), we determine the number of 
breaks by identifying the number of sample subintervals that contain 
a single structural change. We divide the entire sample along the time 
dimension 𝐽 times, resulting in 𝐽+1 subintervals. The value 𝐽 is a user-
specified positive integer that satisfies condition 𝑇 ≫ 𝐽 ≫ , 𝐽 > 3∕𝑐0, 
where 𝑐0 comes from Assumption  4 in the next subsection. This ensures 
that at most one structural change exists within any three consecutive 
subintervals, thereby guaranteeing the effectiveness of our estimation 
procedure (see e.g., Ma and Su, 2018; Wang and Wu, 2022). We denote 
the divided subintervals as 𝑆𝑗 = (𝜈𝑗 , 𝜈𝑗+1], where 𝜈𝑗 = 𝑗⌊ 𝑇

𝐽+1 ⌋, 𝑗 =
0, 1,… , 𝐽 and 𝜈0 = 0, 𝜈𝐽+1 = 𝑇 . At the same time, let the union 
of two adjacent subintervals be a new subinterval, denoted as 𝑆∗

𝑗 =
𝑆𝑗 ∪ 𝑆𝑗+1 = (𝜈𝑗 , 𝜈𝑗+2], 𝑗 = 0, 1,… , 𝐽 − 1. Next, we will determine the 
number of breaks by comparing the estimated number of factors in the 
subintervals. Here, we adopt the eigenvalue ratio estimation method 
based on 𝐷𝐾 -distance for interval-valued factors proposed in Guo et al. 
(2025b) to obtain the estimator of the number of interval-valued factors 
in each subinterval, e.g.,

𝑟̂𝐾,𝑗 = argmax
1≤𝑖≤𝑟𝑚𝑎𝑥

𝜇̃𝑁𝑇𝑗 ,𝑖
𝜇̃𝑁𝑇𝑗 ,𝑖+1

, 𝑗 = 0, 1,… , 𝐽 ,

where the predetermined number 𝑟𝑚𝑎𝑥 represents the maximum possi-
ble number of factors, 𝜇̃𝑁𝑇𝑗 ,𝑖 is the 𝑖th largest eigenvalue of the matrix 
⟨𝑠′𝑌𝑗

,𝑠𝑌𝑗 ⟩𝐾

𝑁𝑇𝑗
, 𝑌𝑗 = (𝑦𝜈𝑗+1, 𝑦𝜈𝑗+2,… , 𝑦𝜈𝑗+1 )

′ and 𝑇𝑗 = 𝜈𝑗+1 − 𝜈𝑗 . Similarly, 
let 𝑟̂∗𝐾,𝑗 be the estimator of the number of factors in the subinterval 
𝑆∗
𝑗 . Next, we proceed with the estimation procedure for the number of 
breaks.

To clearly present the method, we first consider a simple case where 
structural changes occur only in the factor loadings. The following four 
cases will occur: (i) when 𝑟̂𝐾,𝑗 > 𝑟̂𝐾,𝑗+1, there is a break in 𝑆𝑗 ; (ii) when 
𝑟̂𝐾,𝑗 < 𝑟̂𝐾,𝑗+1, there is a break in 𝑆𝑗+1; (iii) when 𝑟̂𝐾,𝑗 = 𝑟̂𝐾,𝑗+1 ≠ 𝑟̂∗𝐾,𝑗 , 
there is a break in 𝑆∗

𝑗 , and the break occurs at the right end of 𝑆𝑗 or 
the left end of 𝑆 ; (iv) when 𝑟̂ = 𝑟̂ = 𝑟̂∗ = 𝑟̂∗ , there is no 
𝑗+1 𝐾,𝑗 𝐾,𝑗+1 𝐾,𝑗 𝐾,𝑗−1
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break in 𝑆𝑗 . Then the estimator of the number of breaks can be denoted 
as

̂ = #{𝑆𝑗 ∶ 𝑟̂𝐾,𝑗 > 𝑟̂𝐾,𝑗+1, 𝑗 = 0, 1,… , 𝐽 − 1}

+#{𝑆∗
𝑗 ∶ 𝑟̂𝐾,𝑗 = 𝑟̂𝐾,𝑗+1 ≠ 𝑟̂∗𝐾,𝑗 , 𝑗 = 0, 1,… , 𝐽 − 1},

where #𝐴 denotes the count function of set 𝐴.
Then, we can consider a more general case where structural changes 

may occur in the number of factors and/or in the factor loadings. Then 
the following three cases may occur: (i) when 𝑟̂𝐾,𝑗 ≠ 𝑟̂𝐾,𝑗+1, there is 
a break in 𝑆∗

𝑗 ; (ii) when 𝑟̂𝐾,𝑗 = 𝑟̂𝐾,𝑗+1 ≠ 𝑟̂∗𝐾,𝑗 , there is a break in 
𝑆∗
𝑗 ; (iii) when 𝑟̂𝐾,𝑗 = 𝑟̂𝐾,𝑗+1 = 𝑟̂∗𝐾,𝑗 = 𝑟̂∗𝐾,𝑗−1, there is no break in 𝑆𝑗 . 
Based on cases (i) and (ii), we can identify the subintervals that contain 
structural changes. Suppose there are 𝑛 subintervals 𝑆∗

𝑗  which can be 
denoted by 𝑆∗

𝐽1
, 𝑆∗

𝐽2
,… , 𝑆∗

𝐽𝑛
 along the time order, and define the set 

𝛺 = {𝑆∗
𝐽1
, 𝑆∗

𝐽2
,… , 𝑆∗

𝐽𝑛
}. However, these subintervals may overlap. To 

address this, we eliminate the overlapping parts: if 𝑆∗
𝐽𝑗
∩𝑆∗

𝐽𝑗+1
≠ ∅, then 

both 𝑆∗
𝐽𝑗
 and 𝑆∗

𝐽𝑗+1
 are removed from 𝛺 and replaced by the intersection 

𝑆∗
𝐽𝑗

∩ 𝑆∗
𝐽𝑗+1

. This adjustment is justified by our partitioning rule, which 
theoretically ensures that at most one structural change exists among 
any three consecutive subintervals. Consequently, the estimator of the 
number of breaks is given by
̂ = #𝛺.

3.2. Theoretical result

For 𝜂 < 1
𝐽+1 , the time sample subinterval [𝑡1, 𝑡2] satisfies that 1 ≤

𝑡1 < 𝑡2 ≤ 𝑇 , 𝑡2 − 𝑡1 ≥ 𝜂𝑇 . Let 𝑟𝑙 represent the true number of factors on 
the subinterval (ℎ𝑙 , ℎ𝑙+1], 𝑐1, 𝑐2 be positive constants, and 𝜓𝑗 (𝐷) denote 
the 𝑗th largest eigenvalue of the point-valued matrix 𝐷. 

Assumption 1. For 𝑗 = 1, 2,… , 𝑟𝑙, 𝑝 lim𝑚→∞ 𝜓𝑗,𝑙(
𝛤 ′
𝑙 𝛤𝑙

∑𝑡2
𝑡=𝑡1

⟨𝑠𝑓𝑡 ,𝑠
′
𝑓𝑡
⟩𝐾

𝑁(𝑡2−𝑡1)
) =

𝜇𝑗,𝑙, where 0 < 𝜇𝑗,𝑙 < ∞, and the number of factors 𝑟𝑙 , 𝑙 = 0, 1,… ,, 
is finite.

Assumption 2. (i) For all 𝑡 = 1, 2,… , 𝑇 , 𝑖 = 1, 2,… , 𝑁, 𝑙 = 0, 1, 2,… ,, 
it holds that E(‖𝑓𝑡‖4𝐾 ) ≤ 𝑐1 and ‖𝜆𝑙,𝑖‖ ≤ 𝑐1.

(ii) E(
‖

∑𝑡2
𝑡=𝑡1

⟨𝑠𝑒𝑡 ,𝑠
′
𝑓𝑡
⟩𝐾‖

2

𝑁(𝑡2−𝑡1)
) < 𝑐1.

(iii) rank([𝛬𝑙−1 𝛬𝑙
]

) > 𝑟𝑙 , 𝑙 = 1, 2,… ,.

Assumption 3. For some 𝑑𝑐 ∈ (0, 1], it holds that 𝜓1(
∑𝑡2
𝑡=𝑡1

⟨𝑠𝑒𝑡 ,𝑠
′
𝑒𝑡
⟩𝐾

𝑀 ) =

𝑂𝑝(1) and 𝜓[𝑑𝑐𝑚](
∑𝑡2
𝑡=𝑡1

⟨𝑠𝑒𝑡 ,𝑠
′
𝑒𝑡
⟩𝐾

𝑀 ) ≥ 𝑐2 + 𝑜𝑝(1), where 𝑚 = min{𝑁, 𝑇 },𝑀 =
max{𝑁, 𝑇 }.

Assumption 4. There exists a positive constant 𝑐0 such that 𝐼𝑚𝑖𝑛 ≥ 𝑐0𝑇 , 
where 𝐼𝑚𝑖𝑛 = min0≤𝑙≤(ℎ𝑙+1 − ℎ𝑙).

Most parts of Assumptions  1–3 follow Guo et al. (2025b) and rep-
resent the standard conditions typically imposed in approximate factor 
models. For instance, Assumption  2(ii) requires orthogonality between 
interval-valued factors and interval-valued errors, while Assumption 
3 specifies the dependence structure of the error term by allowing 
for weak cross-sectional and serial correlations. These settings are 
consistent with Ahn and Horenstein (2013) and constitute the standard 
assumptions in factor models, thereby ensuring the consistency of the 
eigenvalue ratio-based estimators constructed under the 𝐷𝐾 -distance 
framework. Assumption  4 further guarantees that each regime contains 
a sufficiently large number of observations, in line with the require-
ments commonly adopted in the structural break literature (see Bai and 
Perron, 1998; Wang and Wu, 2022).
3 
Theorem 1. Suppose that Assumptions  1–4 hold, we then have
lim

𝑁,𝑇→∞
𝑃 (̂ = ) = 1.

Remark 1. Note that we allow the number of breaks  = 0. That is, 
we can conclude that there is no structural changes happening on the 
considered time range if ̂ = 0.

4. Monte Carlo simulation study

In this section, we demonstrate the finite sample properties of the 
proposed estimator through some Monte Carlo simulation experiments. 
We consider the data generating processes (DGPs) and parameter set-
tings similar to those in Wang and Wu (2022). Specifically, for any 
𝑠 ∈ {𝐿,𝑅},

𝑦𝑠𝑖𝑡 = 𝜆′𝑗,𝑖𝑓
𝑠
𝑡 + 𝑒

𝑠
𝑖𝑡, ℎ𝑗 < 𝑡 ≤ ℎ𝑗+1, 𝑗 = 0, 1, 2, 𝑖 = 1, 2,… , 𝑁,

where the left and right bounds of the factors are generated as follows,
𝑓 𝑠𝑡 = 𝑑𝑖𝑎𝑔(0.6, 0.3)𝑓 𝑠𝑡−1 + 𝑢

𝑠
𝑡 ,

with 𝑓 𝑠𝑡 = (𝑓 𝑠1𝑡, 𝑓
𝑠
2𝑡)

′, 𝑢𝑠𝑡 = (𝑢𝑠𝑡,1, 𝑢
𝑠
𝑡,2)

′ 𝑖.𝑖.𝑑.∼ 𝑁(02×1, 𝐼2), 𝑓 𝑠1 = (𝑓 𝑠11, 𝑓
𝑠
21)

′ 𝑖.𝑖.𝑑.∼

𝑁(02×1, 𝑑𝑖𝑎𝑔((1 − 0.62)−1, (1 − 0.32)−1)). Moreover, we set Cov(𝑓𝐿𝑗𝑡 , 𝑓𝑅𝑘𝜏 ) =
0.4 when 𝑗 = 𝑘 and 𝑡 = 𝜏, and 0 otherwise. The generation process for 
the left and right bounds of the error terms is as follows,
𝑒𝑠𝑡 = 𝜌𝑒𝑠𝑡−1 + 𝑣

𝑠
𝑡 ,

where 𝑒𝑠𝑡 = (𝑒𝑠1𝑡, 𝑒
𝑠
2𝑡,… , 𝑒𝑠𝑁𝑡)

′, 𝑒𝑠1 ∼ 𝑁(0𝑁×1,
1

1−𝜌2𝛺), and 𝑣𝑠𝑡 = (𝑣𝑠𝑡,1, 𝑣
𝑠
𝑡,2,

… , 𝑣𝑠𝑡,𝑁 )′ 𝑖.𝑖.𝑑.∼ 𝑁(0𝑁×1, 𝛺). Here, the 𝑁 ×𝑁 matrix 𝛺 characterizes the 
cross-sectional dependence of the disturbance terms at time 𝑡, with the 
(𝑖, 𝑗)th element given by 𝛺𝑖𝑗 = 𝛼|𝑖−𝑗|. In the simulations presented in this 
section, we consider the following six settings for the error terms: (𝐶1)
independent and identically distributed errors (𝜌 = 0, 𝛼 = 0); (𝐶2) cross-
sectional heterogeneity errors (𝜌 = 0, 𝛺 = 𝑑𝑖𝑎𝑔(𝜔1, 𝜔2,… , 𝜔𝑁 ), 𝜔𝑖

𝑖.𝑖.𝑑.∼
𝑈 (0.5, 1.5), 𝑖 = 1, 2,… , 𝑁); (𝐶3) serially correlated errors (𝜌 = 0.5, 𝛼 = 0); 
(𝐶4) weakly cross-sectionally correlated errors (𝜌 = 0, 𝛼 = 0.4); (𝐶5)
weakly cross-sectionally correlated errors (𝜌 = 0, 𝛼 = 0.6); (𝐶6) both 
serially and cross-sectionally correlated errors (𝜌 = 0.2, 𝛼 = 0.4).

For the generation of factor loadings, we consider the following 
settings:

DGP 1: (No structural change) 𝜆0,𝑖 = 𝜆1,𝑖 = 𝜆2,𝑖
𝑖.𝑖.𝑑.∼ 𝑁(𝑏𝜄2, 𝐼2);

DGP 2: (Single structural change) 𝜆0,𝑖
𝑖.𝑖.𝑑.∼ 𝑁(0.5𝑏𝜄2, 𝐼2), 𝜆1,𝑖 = 𝜆2,𝑖

𝑖.𝑖.𝑑.∼
𝑁(𝑏𝜄2, 𝐼2), 𝜆0,𝑖 are independent of 𝜆1,𝑖, and we set the break date 𝑡 =
0.5𝑇 ;

DGP 3(i): (Multiple structural changes) 𝜆0,𝑖
𝑖.𝑖.𝑑.∼ 𝑁(0.5𝑏𝜄2, 𝐼2), 𝜆1,𝑖

𝑖.𝑖.𝑑.∼ 𝑁(𝑏𝜄2, 𝐼2), 𝜆2,𝑖
𝑖.𝑖.𝑑.∼ 𝑁(1.5𝑏𝜄2, 𝐼2), 𝜆0,𝑖, 𝜆1,𝑖 and 𝜆2,𝑖 are independent of 

each other. We set the two break dates as 𝑡 = 0.3𝑇  and 0.6𝑇 +⌊0.3𝑇 ∕(𝐽+
1)⌋;

DGP 3(ii): (Multiple structural changes) 𝜆0,𝑖
𝑖.𝑖.𝑑.∼ 𝑁(0.5𝑏𝜄2, 𝐼2), 𝜆1,𝑖

𝑖.𝑖.𝑑.∼ 𝑁(𝑏𝜄2, 𝐼2), and the first element of 𝜆2,𝑖 is the same as that of 𝜆1,𝑖, 
while the second element is zero, indicating that the number of factors 
decreases from 2 to 1. Similarly, 𝜆0,𝑖 is dependent of 𝜆1,𝑖. The breaks 
occur at 𝑡 = 0.3𝑇  and 0.7𝑇 .

The simulation is conducted with a cross-sectional size of 𝑁 = 100
and time dimensions 𝑇 = 200, 300, 400. For 𝑇 = 200 and 𝑇 = 300, 
𝐽 is set to be 9, resulting in 𝐽 + 1 = 10 subintervals along the time 
dimension, each containing approximately 10% of the observations. 
For 𝑇 = 400, 𝐽 is set to be 14, resulting in 𝐽 + 1 = 15 subintervals 
along the time dimension, each containing approximately 6.7% of the 
observations. The choice of 𝐽 follows the principle that each subinterval 
should contain 5%–25% of the information in the sample; see Ma and 
Su (2018) and Bai and Perron (1998) for details. In this simulation, the 
number of factors is estimated using the eigenvalue ratio method based 
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Table 1
Percentages of the correct estimation of the number of breaks.
 (𝑇 , 𝐽 ) (200, 9) (300, 9) (400, 14)

 𝐶1 𝐶2 𝐶3 𝐶1 𝐶2 𝐶3 𝐶1 𝐶2 𝐶3

 𝑏 = 0

 DGP1 99.5 98.8 98.5 100.0 100.0 100.0 100.0 99.8 99.8 
 DGP2 99.8 99.6 99.1 100.0 100.0 100.0 100.0 99.8 99.7 
 DGP3-(i) 99.2 99.5 99.7 100.0 100.0 100.0 99.9 99.9 99.9 
 DGP3-(ii) 99.8 99.7 99.7 100.0 100.0 100.0 99.8 100.0 99.9 
 𝐶4 𝐶5 𝐶6 𝐶4 𝐶5 𝐶6 𝐶4 𝐶5 𝐶6

 𝑏 = 0

 DGP1 98.9 96.7 97.6 99.8 99.6 100.0 99.8 99.3 99.0 
 DGP2 99.0 98.0 98.6 100.0 99.8 99.9 99.9 99.1 99.6 
 DGP3-(i) 99.2 97.9 99.5 99.8 99.9 99.9 99.7 99.4 99.6 
 DGP3-(ii) 99.8 99.7 99.8 100.0 100.0 100.0 99.9 98.9 99.9 
 𝐶1 𝐶2 𝐶3 𝐶1 𝐶2 𝐶3 𝐶1 𝐶2 𝐶3

 𝑏 = 1

 DGP1 92.7 90.1 89.3 99.5 96.7 99.0 97.4 97.0 95.7 
 DGP2 97.3 95.8 92.9 99.7 99.8 99.8 98.8 98.2 99.0 
 DGP3-(i) 81.9 79.3 74.3 96.8 97.4 94.6 90.6 84.9 84.9 
 DGP3-(ii) 97.2 97.4 96.6 100.0 100.0 99.6 99.5 99.0 98.5 
 𝐶4 𝐶5 𝐶6 𝐶4 𝐶5 𝐶6 𝐶4 𝐶5 𝐶6

 𝑏 = 1

 DGP1 87.4 75.3 81.7 97.6 94.8 96.4 94.3 86.0 91.7 
 DGP2 93.9 88.3 92.2 99.1 97.7 99.5 97.8 93.9 95.9 
 DGP3-(i) 71.0 61.2 69.9 90.8 83.8 86.2 80.0 65.6 78.1 
 DGP3-(ii) 96.5 95.4 94.2 99.9 98.4 99.3 97.7 93.6 96.3 

on the 𝐷𝐾 -distance proposed by Guo et al. (2025b). All simulation 
results are based on 1000 replications.

Table  1 shows that as the sample size increases, the overall accuracy 
of the estimates tends to improve. This confirms the theoretical result 
of Theorem  1. However, in the case of (𝑇 , 𝐽 ) = (400, 14), the accuracy 
is slightly lower than that in (𝑇 , 𝐽 ) = (300, 9). This difference may be 
attributed to the fact that each subinterval in the former case contains 
only about 6.7% of the observations, whereas the latter’s subintervals 
contain 10%. In addition, the estimation procedure exhibits robustness 
to the correlation structure of the disturbances. Regardless of whether 
the disturbances have cross-sectional dependence, serial correlation, 
or cross-sectional heterogeneity, the estimator performs well in finite 
samples. Overall, the estimator demonstrates desired finite sample 
performance.

5. Application

To illustrate the practical relevance of the proposed method, we 
apply it to stock return data from the S&P 100. We construct a bal-
anced panel consisting of 74 stocks with complete observations from 
January 3, 2008 to December 28, 2008. For each trading day, we con-
struct interval-valued returns following Fischer et al. (2016). Two def-
initions are considered: the return-interval-from-closing-price (RICP), 
𝑅𝑅𝐼𝐶𝑃𝑡 = [ln( 𝐿𝑡

𝐶𝑡−1
), ln( 𝐻𝑡

𝐶𝑡−1
)], and the return-interval-from-price-interval 

(RIPI), 𝑅𝑅𝐼𝑃𝐼𝑡 = [ln( 𝐿𝑡
𝐻𝑡−1

), ln( 𝐻𝑡
𝐿𝑡−1

)], where 𝐿𝑡 and 𝐻𝑡 respectively denote 
the low and high prices on day 𝑡, and 𝐶𝑡−1 is the closing price on day 
𝑡 − 1. In addition, we compute conventional point-valued log returns 
based on closing prices, i.e., ln( 𝐶𝑡

𝐶𝑡−1
). After constructing these returns, 

we obtain 𝑇 = 248 daily observations for each stock. As discussed in Sun 
et al. (2020), interval-valued returns contain richer information on 
price fluctuations and have been shown to improve volatility modeling 
and prediction. This motivates our focus on interval-valued data in 
structural break analysis.

Similar to arguments in the simulation study, we select the tuning 
parameter 𝐽 = 9 in the estimation procedure due to the sample size 𝑇 =
248. Applying the proposed estimation method for both the RIPI- and 
RICP-based interval-valued data, we can detect one structural break. 
4 
This finding is consistent with the result reported by Bai et al. (2020), 
who detected a single break when analyzing monthly return data for 
stocks traded on the NYSE, AMEX, and NASDAQ between January 2005 
and December 2012. In contrast, when using point-valued returns based 
on closing prices, the result shows that three structural changes occur 
in the consider time range, which appear less economically plausible.

Overall, this application demonstrates two key points. First, the 
proposed estimator effectively detects economically meaningful struc-
tural changes in high-dimensional financial data. Second, the interval-
based estimates are stable and align well with major economic events, 
confirming the practical usefulness of the proposed method.

6. Conclusion and discussion

This paper develops a high-dimensional factor model with potential 
structural changes for interval-valued data and proposes an estimator 
for the number of breaks. Building on the finding that the num-
ber of factors is usually overestimated in the presence of structural 
changes, we construct a consistent estimator by employing a sample-
splitting strategy and comparing the estimated number of factors across 
subintervals. Monte Carlo simulation results show that the proposed 
procedure performs well in finite samples, and also remains valid in 
the case with no breaks. In addition, we conduct an empirical study to 
further demonstrate the practical usefulness of our method.

Beyond these findings, there are several interesting directions for 
future research. First, as the referee pointed out, although the proposed 
method is available for the case with no breaks (i.e.,  = 0), the 
theoretical result in Theorem  1 is still far from being designed as a 
test for the existence of breaks which is one of important direction in 
high-dimensional factor analysis. Second, while this paper focuses on 
estimating the number of breaks, it would also be of great interest to 
give the estimation of break locations and the corresponding theoreti-
cal properties in the proposed interval-valued factor model, following 
approaches developed for point-valued factor models. These issues are 
left for future work.
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Appendix. Technical details

Denote 𝑇𝑗 = 𝜈𝑗+1 − 𝜈𝑗 , 𝑇𝑗,1 = ℎ𝑙 − 𝜈𝑗 and 𝑇𝑗,2 = 𝜈𝑗+1 − ℎ𝑙. Let S1
denote the set of subintervals without any breaks. Let S21 denote the set 
of subintervals that contain one break and satisfy lim𝑇→∞

𝑇𝑗,1
𝑇𝑗

∈ (0, 1). 
Let S22 denote the set of subintervals that contain one break and satisfy 
lim𝑇→∞

𝑇𝑗,1
𝑇𝑗

= 0. Let S23 denote the set of subintervals that contain one 
break and satisfy lim𝑇→∞

𝑇𝑗,1
𝑇𝑗

= 1. Finally, define S2 = S21 ∪ S22 ∪ S23. 
Thus, S2 represents the set of subintervals that contain a break.

Lemma 1. Suppose that Assumptions  1–4 hold, we then have lim𝑁,𝑇→∞ 𝑃
(𝑟̂𝐾,𝑗 = 𝑟 + 𝑞𝑗 ) = 1, where 𝑞𝑗 = 0 if 𝑆𝑗 ∈ S1, 𝑞𝑗 > 0 if 𝑆𝑗 ∈ S21, and 𝑞𝑗 ≥ 0
if 𝑆 ∈ S ∪ S .
𝑗 22 23
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Proof. We consider the following four cases: (i) 𝑆𝑗 ∈ S1, (ii) 𝑆𝑗 ∈ S21, 
(iii) 𝑆𝑗 ∈ S22, and (iv) 𝑆𝑗 ∈ S23. Note that this discussion focuses on 
the case where only the factor loadings change; thus, the true number 
of factors within each subinterval (ℎ𝑙 , ℎ𝑙+1] is the same, i.e., 𝑟𝑙 = 𝑟, 𝑙 =
0, 1,… ,.

When 𝑆𝑗 ∈ S1, there are no breaks within 𝑆𝑗 . Therefore, there 
exists an 𝑙 such that 𝑆𝑗 ⊆ (ℎ𝑙 , ℎ𝑙+1]. This implies that the factor model 
has stable factor loadings over the period 𝑆𝑗 . Moreover, it is easy to 
verify from the assumptions in this paper that the model satisfies the 
assumptions for the interval-valued factor model in Guo et al. (2025b). 
Thus, according to Theorem  1, 𝑟̂𝐾,𝑗 is a consistent estimator of 𝑟.

When 𝑆𝑗 ∈ S21, there is a break within 𝑆𝑗 , and lim𝑇→∞
𝑇𝑗,1
𝑇𝑗

∈ (0, 1). 
In this case, there exists an 𝑙 ≥ 1, such that 𝑆𝑗 ⊆ (ℎ𝑙−1, ℎ𝑙+1] and 
ℎ𝑙 ∈ 𝑆𝑗 . Therefore, the model in subinterval 𝑆𝑗 can be represented in 
the following matrix form, 

𝑌𝑗 =

[

𝐹𝑗,1𝛬′
𝑙−1

𝐹𝑗,2𝛬′
𝑙

]

+ 𝐸𝑗 =

[

𝐹𝑗,1 0

0 𝐹𝑗,2

]

[

𝛬′
𝑙−1 𝛬′

𝑙
]

+ 𝐸𝑗 , (A.1)

where 𝑌𝑗 = (𝑦𝜈𝑗+1, 𝑦𝜈𝑗+2,… , 𝑦𝜈𝑗+1 )
′, 𝐸𝑗 = (𝑒𝜈𝑗+1, 𝑒𝜈𝑗+2,… , 𝑒𝜈𝑗+1 )

′, and 
𝐹𝑗,1 = (𝑓𝜈𝑗+1, 𝑓𝜈𝑗+2,… , 𝑓ℎ𝑙 )

′, 𝐹𝑗,2 = (𝑓ℎ𝑙+1, 𝑓ℎ𝑙+2,… , 𝑓𝜈𝑗+1 )
′, 𝛬𝑙−1 and 

𝛬𝑙 denote the true loading matrices before and after the 𝑙th structural 
change, respectively. Let 𝛤𝑙 be the matrix consisting of the maximal 
linearly independent set of columns of [𝛬𝑙−1 𝛬𝑙

]

, and note that 
rank(

[

𝛬𝑙−1 𝛬𝑙
]

) = 𝑟+ 𝑝𝑙 > 𝑟. There exist (𝑟+ 𝑝𝑙) × 𝑟 matrices 𝐴𝑙 and 𝐵𝑙
such that model (2.3) can be expressed in the following form, 

𝑌𝑗 = 𝐺𝑗𝛤
′
𝑙 + 𝐸𝑗 , (A.2)

where the stable factor loadings 𝐺𝑗 =

[

𝐹𝑗,1𝐴′
𝑙

𝐹𝑗,2𝐵′
𝑙

]

= (𝑔𝜈𝑗+1, 𝑔𝜈𝑗+2,… ,

𝑔𝜈𝑗+2 )
′, 𝑔𝑡 = 𝐴𝑙𝑓𝑡, 𝜈𝑗 < 𝑡≤ ℎ𝑙 , 𝑔𝑡 = 𝐵𝑙𝑓𝑡, ℎ𝑙 < 𝑡 ≤ 𝜈𝑗+1. In other words, 

the model can be expressed as an interval-valued pseudo-factor model 
(A.2) with 𝑟 + 𝑝𝑙 stable factor loadings. Next, we will show that the 
equivalent model (A.2) satisfies all the assumptions for the factor model 
established in Guo et al. (2025b). This will establish that the factor 
number estimator introduced in Guo et al. (2025b) is consistent for this 
equivalent model.

By Assumption  1, it follows that ⟨𝑠′𝐹𝑗,1 , 𝑠𝐹𝑗,1 ⟩𝐾 and ⟨𝑠′𝐹𝑗,2 , 𝑠𝐹𝑗,2 ⟩𝐾
are positive definite. Therefore, by the definitions of 𝐴𝑙 , 𝐵𝑙, we have 
𝐴𝑙⟨𝑠′𝐹𝑗,1 , 𝑠𝐹𝑗,1 ⟩𝐾𝐴

′
𝑙 > 0 and 𝐵𝑙⟨𝑠′𝐹𝑗,2 , 𝑠𝐹𝑗,2 ⟩𝐾𝐵

′
𝑙 > 0. Moreover, 𝜁 ′𝐴𝑙⟨𝑠′𝐹𝑗,1 ,

𝑠𝐹𝑗,1 ⟩𝐾𝐴
′
𝑙𝜁+𝜁

′𝐵𝑙⟨𝑠′𝐹𝑗,2 , 𝑠𝐹𝑗,2 ⟩𝐾𝐵
′
𝑙𝜁 = 0 if and only if 𝜁 = 0. In other words, 

⟨𝑠′𝐺𝑗 , 𝑠𝐺𝑗 ⟩𝐾 = 𝐴𝑙⟨𝑠′𝐹𝑗,1 , 𝑠𝐹𝑗,1 ⟩𝐾𝐴
′
𝑙 + 𝐵𝑙⟨𝑠′𝐹𝑗,2 , 𝑠𝐹𝑗,2 ⟩𝐾𝐵

′
𝑙 is positive definite 

and rank(⟨𝑠′𝐺𝑗 , 𝑠𝐺𝑗 ⟩𝐾 ) = 𝑟 + 𝑝𝑙.
Because rank(𝛤 ′

𝑙 𝛤𝑙⟨𝑠
′
𝐺𝑗
, 𝑠𝐺𝑗 ⟩𝐾 ) ≥ rank(𝛤

′
𝑙 𝛤𝑙)+ rank(⟨𝑠

′
𝐺𝑗
, 𝑠𝐺𝑗 ⟩𝐾 )− (𝑟+

𝑝𝑙) = 𝑟 + 𝑝𝑙, it follows that rank(
𝛤 ′
𝑙 𝛤𝑙⟨𝑠

′
𝐺𝑗
,𝑠𝐺𝑗 ⟩𝐾

𝑁𝑇𝑗
) = 𝑟 + 𝑝𝑙. Moreover, since 

the two matrices 
𝛤 ′
𝑙 𝛤𝑙⟨𝑠

′
𝐺𝑗
,𝑠𝐺𝑗 ⟩𝐾

𝑁𝑇𝑗
 and 

𝛤𝑙⟨𝑠′𝐺𝑗
,𝑠𝐺𝑗 ⟩𝐾𝛤

′
𝑙

𝑁𝑇𝑗
 share the same non-

zero eigenvalues, and the latter’s eigenvalues are all non-negative, this 
confirms that Assumption 1 in Guo et al. (2025b) is satisfied.

Let 𝛤𝑙,𝑖 denote the 𝑖th column of 𝛤𝑙. From Assumption  2, we have 
‖𝛤𝑙,𝑖‖ ≤

√

‖𝜆𝑙,𝑖‖2 + ‖𝜆𝑙−1,𝑖‖2 ≤ 2𝑐1. Note that 
∑𝜈𝑗+1
𝑡=𝜈𝑗+1

⟨𝑠𝑒𝑡 , 𝑠
′
𝑔𝑡
⟩𝐾 =

∑ℎ𝑙
𝑡=𝜈𝑗+1

⟨𝑠𝑒𝑡 , 𝑠
′
𝑓𝑡
⟩𝐾𝐴′

𝑙 +
∑𝜈𝑗+1
𝑡=ℎ𝑙+1

⟨𝑠𝑒𝑡 , 𝑠
′
𝑓𝑡
⟩𝐾𝐵′

𝑙 . Therefore, by Assumption  2, 

we have E(
‖

∑
𝜈𝑗+1
𝑡=𝜈𝑗

⟨𝑠𝑒𝑡 ,𝑠
′
𝑔𝑡
⟩𝐾‖

2

𝑁𝑇𝑗
) < 𝑐1. As a result, Assumption 2 in Guo et al. 

(2025b) is verified. Meanwhile, the assumptions about the disturbances 
in this section directly verify Assumption 3 in Guo et al. (2025b). 
Therefore, when 𝑆𝑗 ∈ S21, we have lim𝑁,𝑇→∞ 𝑃 (𝑟̂𝐾,𝑗 = 𝑟 + 𝑞𝑗 ) = 1 with 
𝑞𝑗 > 0.

When 𝑆𝑗 ∈ S22, from the preceding proof it can be seen that 
⟨𝑠′𝐺𝑗 , 𝑠𝐺𝑗 ⟩𝐾 is not necessarily full rank. Therefore, the above proof 
method is no longer applicable. To address this, we rewrite the model 
5 
as the following equivalent form,
𝑌𝑗 = 𝐹𝑗𝛬

′
𝑙 + 𝛥𝑗 + 𝐸𝑗 ,

where 𝛥𝑗 = ((𝛬𝑙 − 𝛬𝑙−1)𝐹𝜈𝑗+1,… , (𝛬𝑙 − 𝛬𝑙−1)𝐹ℎ𝑙 , 0,… , 0)′. The change 
in factor loadings can be treated as an additional error term, meaning 
that the main properties of the model are determined by the subinterval 
(ℎ𝑙 , 𝜈𝑗+1]. By Lemma  3(i), we have lim𝑁,𝑇→∞ 𝑃 (𝑟̂𝐾,𝑗 ≥ 𝑟) = 1. Therefore, 
when 𝑆𝑗 ∈ S22, lim𝑁,𝑇→∞ 𝑃 (𝑟̂𝐾,𝑗 = 𝑟 + 𝑞𝑗 ) = 1 with 𝑞𝑗 ≥ 0. □

Lemma 2. Suppose that Assumptions  1–4 hold, we then have lim𝑁,𝑇→∞ 𝑃
(𝑟̂∗𝐾,𝑗 = 𝑟+𝑞∗𝑗 ) = 1, where 𝑞∗𝑗 = 0 if 𝑆𝑗 , 𝑆𝑗+1 ∈ S1, 𝑞∗𝑗 > 0 if 𝑆𝑗 ∈ S21∪S23 or 
𝑆𝑗+1 ∈ S21 ∪S22, and 𝑞∗𝑗 ≥ 0 if 𝑆𝑗 ∈ S1, 𝑆𝑗+1 ∈ S23 or 𝑆𝑗 ∈ S22, 𝑆𝑗+1 ∈ S1.

Proof. The proof is similar to Lemma  1 and thus omitted. □

Lemma 3. Suppose that Assumptions  1–4 hold, we have (i) if 𝑆𝑗 ∈
S22 ∪ S23, then lim𝑁,𝑇→∞ 𝑃 (𝑟̂𝐾,𝑗 ≥ 𝑟) = 1. (ii) if 𝑆𝑗 ∈ S22,

𝑇𝑗,1
𝑇𝑗

=

𝑂𝑃 (𝜂−2𝑁,𝑇𝑗 ) with 𝜂𝑁,𝑇𝑗 = min{
√

𝑁,
√

𝑇𝑗}, then lim𝑁,𝑇→∞ 𝑃 (𝑟̂𝐾,𝑗 = 𝑟) = 1. 
(iii) if 𝑆𝑗 ∈ S23,

𝑇𝑗,2
𝑇𝑗

= 𝑂𝑃 (𝜂−2𝑁,𝑇𝑗 ) with 𝜂𝑁,𝑇𝑗 = min{
√

𝑁,
√

𝑇𝑗}, then 
lim𝑁,𝑇→∞ 𝑃 (𝑟̂𝐾,𝑗 = 𝑟) = 1.

Proof. When 𝑆𝑗 ∈ S22 ∪ S23 by the proof of Lemma  1, the model 
can be decomposed into a factor structure and an additional error 
term. The eigenvalues associated with the additional error term are 
of order 𝑂𝑝(

𝑇𝑗,1
𝑇𝑗

) or 𝑂𝑝(
𝑇𝑗,2
𝑇𝑗

). In the absence of this additional error 
term, the eigenvalues dominated by the factor structure are of order 
𝑂𝑝(1), while those dominated by the error component are of order 
𝑂𝑝(𝜂−2𝑁,𝑇𝑗 ). Therefore, the asymptotic properties of the factor number 
estimation depend on the convergence rate of 𝑇𝑗,1𝑇𝑗  and 𝑇𝑗,2𝑇𝑗 . When these 
convergence rates are unknown, we have lim𝑁,𝑇→∞ 𝑃 (𝑟̂𝐾,𝑗 ≥ 𝑟) = 1. 
That is, when 𝑆𝑗 ∈ S22 and 

𝑇𝑗,1
𝑇𝑗

= 𝑂𝑃 (𝜂−2𝑁,𝑇𝑗 ) or when 𝑆𝑗 ∈ S23 and 
𝑇𝑗,2
𝑇𝑗

= 𝑂𝑃 (𝜂−2𝑁,𝑇𝑗 ), the additional error term does not affect the essential 
nature of the model. Consequently, we have lim𝑁,𝑇→∞ 𝑃 (𝑟̂𝐾,𝑗 = 𝑟) =
1. □

Proof of Theorem  1. Lemmas  1 and 2 respectively establish the 
consistency of the eigenvalue ratio estimator based on the 𝐷𝐾 -distance 
from Guo et al. (2025b) for different scenarios of subintervals. These 
two lemmas together lead to Theorem  1. The proof is similar to 
that of Wang and Wu (2022) and is therefore omitted here to save 
space. □

Data availability

The dataset used in this study is available from the authors upon 
reasonable request.
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