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A B S T R A C T

We propose in this work a stabilization approach for semi-implicit coupling of viscoelastic fluid–structure
interaction (VFSI) using the cell-based smoothed finite element method (CS-FEM). The viscoelastic fluid and
nonlinear solid equations are spatially discretized by the CS-FEM and then are semi-implicitly coupled via
a partitioned solution strategy. The current semi-implicit coupling framework depends on a second-order
characteristic-based split (CBS(B)) scheme that solves the Navier–Stokes equations together with the Oldroyd-
B constitutive model in the fractional-step manner. To enhance the stability of the semi-implicit coupling
algorithm, the discrete elastic-viscous split stress-gradient (DEVSS-G) procedure is introduced into the explicit
stage while the stabilized pressure gradient projection (SPGP) is earmarked for the implicit stage. Moreover,
the iterated end-of-step velocity begins with the intermediate velocity during the subiterations. The DEVSS-
G/CBS(B)-SPGP technique is readily applied to the CBS-based partitioned semi-implicit coupling algorithm for
VFSI. Visible improvements in stabilization and efficiency are revealed in a benchmark test.
. Introduction

Viscoelastic fluid–structure interaction (VFSI), which generally
haracterizes the mutual interplay between viscoelastic fluid flows and
igid/flexible bodies [1,2], frequently takes place in a rich variety of
iological and industrial systems. Two common VFSI examples are,
espectively, the blood transportation through human cardiovascular
ystem and the crude oil flow inside an oscillating cylindrical marine
iser. In VFSI, the viscoelastic fluid flow exhibits complex rheological
roperties that complicate the responses of the wetted structures ac-
ordingly. Especially, the flow velocity, pressure and viscoelastic stress
ndergo significant fluctuations near the fluid–structure interfaces in
esponse to the time-varying geometry caused by large structural dis-
lacement and/or finite solid deformation. Furthermore, the hyperbolic
onstitutive equation probably poses major numerical difficulties in
escribing exact flow phenomena of a viscoelastic fluid in principle
ince the viscoelastic stress tensor arises as a third variable that evolves
n time and is tightly coupled with the velocity and pressure fields [3].
herefore, simulating VFSI has been identified as a more challenging
ask than Newtonian FSI (NFSI) modeling. Given the realistic impor-
ance, computational scientists have shown continuing interests in
eveloping stable, efficient and robust numerical methods for VFSI in
his century.

Till now, many research papers have been dedicated to accu-
ate prediction of VFSI and its resultant multi-physical phenomena.

E-mail address: taohe@shnu.edu.cn.

Chakraborty et al. [4,5] calculated steady viscoelastic fluid flows in
a two-dimensional collapsible channel using the finite element method
(FEM) [6]. Three constitutive models are taken into consideration in
the fluid component. An elastic segment of the upper wall of the
channel is modeled as a zero-thickness membrane by introducing a
force term into the fluidic momentum equation. The set of simultaneous
viscoelastic equations is treated via a discrete elastic-viscous stress split-
traceless gradient (DEVSS-TG) formulation and is further stabilized
by the streamline upwind/Petrov–Galerkin method [7]. The steady
viscoelastic flow of a two-dimensional collapsible channel containing
a deformable finite-thickness elastic wall was subsequently analyzed
in [8] using the same mixed FEM. The coupled equations are simulta-
neously linearized in a monolithic system without the inertial force of
fluid and solid media. It is noticed in [4,5,8] that the fluid governing
equations need not be computed on a moving finite element mesh
since the creeping flow is very slow. Chen et al. [9] employed the
standard partitioned implicit coupling algorithm under the arbitrary
Lagrangian–Eulerian (ALE) description [10] to calculate an Oldroyd-
B fluid [11] interacting with an elastic solid. To that end, fixed-point
method accelerated by Aitken’s 𝛥2 method [12] is performed to strongly
couple individual fields through different software packages and inter-
face library. A mass–spring–dashpot model [13] is also extended to
qualitatively study the dynamic behavior of VFSI considering differ-
ent physical parameters. Amini et al. [14] adopted a commercial FE
vailable online 16 April 2021
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software to study the yield stress and shear-thinning behaviors of a
Herschel–Bulkley fluid flow. The fluid–structure coupling is likewise
realized under creeping flow conditions, though the Mooney–Rivlin
hyperelastic model is used to account for finite deformation. In a con-
ference paper [15], a partitioned semi-implicit coupling method [16]
is applied to simulate the open cavity flow of an Oldroyd-B fluid
interacting with the flexible thick bottom. The structure is simplified as
an Euler–Bernoulli beam in the preliminary VFSI study. It appears that
periodic oscillations of the bottom are underestimated in comparison
with other results [2,9]. It is likely to attribute this outcome to the
thicker but lighter solid model. Lee and Xu [17] utilized partitioned
and monolithic solution algorithms for simulating a hemodynamic VFSI
problem, respectively. In both approaches, the structure is mathemat-
ically described by an isotropic linear elastic model which simply
experiences small deformation. Later, viscoelastic fluid flow past a
flexibly mounted circular cylinder was investigated in [18] to under-
stand the underlying vortex-induced vibration mechanism at different
Reynolds numbers. For this purpose, an ALE finite volume formulation
is applied to the FENE-P fluid flow computation whereas the rigid
cylinder is allowed to vibrate transversely only. A partitioned explicit
coupling scheme is responsible for the loose coupling of viscoelastic
fluid flow and rigid-body motion therein. Zhu [19] conducted an
immersed-boundary analysis of three-dimensional interaction between
highly flexible solids and Oldroyd-B/FENE-P fluids. The viscoelastic
fluids are specially modeled by the lattice Boltzmann method in the
Eulerian reference so that large mesh deformation can be avoided.
Most recently, He [2] proposed a strongly-coupled VFSI solver based
on the cell-based smoothed finite element method (CS-FEM) [20]. The
incompressible flow of an Oldroyd-B fluid and finite deformation of an
elastic solid are tightly coupled within the ALE framework. The spatial
discretization of the two physical media is accomplished with the CS-
FEM that smooths all gradient related terms of field equations. Two
transient VFSI benchmark problems are then settled in consideration
of inertial effect [2].

In addition, a few efforts have been made to moving-boundary
viscoelastic flow problems such as free surface flows [21], moving
boundary–initial value problems [22] and forced motions [23]. The
ALE method is still adopted in all these papers mainly because of its
conceptual and operational simplicity.

In view of drastic nonlinearities of physically distinct interacting
fields, partitioned procedures are normally favored to address the cou-
pled mechanical analyses of multi-physical systems [24]. Strategically
speaking, heterogeneous disciplines are sequentially solved such that
the utilization and management of available code resources demand
minimal modifications. As for FSI, the widespread computing methods
involve partitioned explicit and implicit coupling algorithms under the
ALE description [12,25–27]. In theory, the former is computational
inexpensive whereas the latter is physically conservative. They are
absolutely applicable to VFSI, as reviewed above.

Apart from the explicit and implicit partitioned methods, a third
partitioned solution method, called the projection-based partitioned
semi-implicit coupling algorithm [16], has been proposed in terms of
the classic Chorin–Témam projection [28,29] for simulating hemody-
namic NFSI problems. The terminology ‘‘semi-implicit’’ emanates from
an explicit–implicit or partially-implicit treatment that consists of two
major steps in charge of the underlying multi-physical coupling. Firstly,
the domain mesh is intentionally extrapolated where the fluid com-
putation covers the ALE-advection–diffusion phase only. Secondly, the
corrected velocity and updated pressure of the fluid are iterated with
the structural movement on the temporarily fixed mesh. In contrast to
the fully implicit coupling scheme, the semi-implicit coupling scheme
enables reduced overheads of updating dynamic mesh without too
much stability loss [16]. Nowadays intriguing variants of the semi-
implicit coupling algorithm have been developed for NFSI, see [30–33]
2

for reference.
On account of the pioneering work of Fernández et al. [16] and
the characteristic-based split (CBS) scheme presented by Zienkiewicz
et al. [34], the author has devised the CBS-based partitioned semi-
implicit coupling scheme for fluid–rigid/flexible body interaction [35].
It is noted that a high-order convective stabilization term derived from
the characteristic-Galerkin procedure is naturally implanted into the
partitioned semi-implicit coupling algorithm. As a result, the CBS-
based partitioned semi-implicit coupling algorithm can inherit the
stabilization effect from the CBS fluid solver and the computing econ-
omy from its projection-based counterpart. He et al. [36] later de-
signed two improved CBS-based partitioned semi-implicit coupling
algorithms integrating Split A and Split B [37]. The two easy-to-
implement schemes are named the CBS(A)-based and CBS(B)-based
partitioned semi-implicit coupling methods where the end-of-step ve-
locity is iterated at the implicit stage. Extremely low mass ratios are
achieved in laminar region, provided that the stabilized pressure gra-
dient projection (SPGP) [38,39] is used for the second-order pressure
accurate CBS(B) scheme. Such a treatment underpins the stabilized
CBS(B)-based partitioned semi-implicit coupling algorithm we prepare
for VFSI here.

Unfortunately, few applications of the partitioned semi-implicit cou-
pling method have yet emerged to cater for VFSI, except [15,40].
The main impetus of the present study is to expand the CBS-based
partitioned semi-implicit coupling algorithm towards VFSI with demon-
strated computational benefits. However, the contrived semi-implicit
decoupling appears non-physical among cut modules, possibly incur-
ring improper communications of the triple fluid variables and struc-
tural responses through the interface. Further to the constitutive model,
the Oldroyd-B fluid seems simple but retains extravagant extensional
and constant shear viscosities that still render certain unwanted diffi-
culties [3]. These numerical dilemmas have necessitated special stabi-
lization of the CBS-based semi-implicit coupling algorithm for stable
numerical approximation. In what follows, the SPGP technique [38],
which aims to stabilize the second-order splitting error in pressure for
the projection method [28,29], contributes to the DEVSS-G formulation
of viscoelastic fluid equations being semi-implicitly decoupled in the
ALE context. Here, both the viscoelastic fluid and nonlinear solid
are spatially discretized by the CS-FEM [41] since the standard FEM
overestimates the stiffness matrix of the discrete model related to the
fully compatible strain field [6]. The inherent capacity for severe mesh
deformation [42,43] and economical time consumption [44] continues
to show signs of the method’s advantages. These properties possibly
make the CS-FEM become a competitive candidate for computational
VFSI simulation.

The remainder of this paper is outlined as follows. The principle of
the CS-FEM is briefly discussed in Section 2. Section 3 focuses on the
incompressible viscoelastic fluid flow whereas Section 4 explains the
structural dynamics of an elastic solid subjected to the viscoelastic fluid
force. The mesh deformation method is then articulated in Section 5.
Section 6 interprets the proposed partitioned semi-implicit coupling
algorithm step by step. A benchmark example is tackled in Section 7,
followed by the conclusions drawn in Section 8.

2. Fundamentals of CS-FEM

2.1. Cell-based gradient smoothing

Let 𝛺 be a two-dimensional, continuous and bounded SC, and 𝛤
the smooth boundary of 𝛺. We define, for simplicity, a scalar-valued
function 𝑓 at a point 𝐱c in 𝛺. The model diagram is depicted in Fig. 1

here 𝑂, 𝑥1 and 𝑥2 denote the origin, horizontal and vertical axes of
he Cartesian coordinate system, respectively. In the SC, the smoothed
radient of 𝑓 at the point of interest may be structured below [20]

̃𝑓 (𝐱c) = ∇𝑓 (𝐱)𝑊 (𝐱 − 𝐱c) d𝛺, ∀ 𝐱c ∈ 𝛺, (1)
∫𝛺
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Fig. 1. Cell-based gradient smoothing in a generic SC.

where ∇ and ∇̃ represents the gradient operator and its smoothed
counterpart, respectively, 𝐱 denotes the spatial coordinates and 𝑊 is
the smoothing kernel. Suppose that 𝑊 meets the positivity and unity
requirements [45]

𝑊 (𝐱 − 𝐱c) ⩾ 0 and ∫𝛺
𝑊 (𝐱 − 𝐱c) d𝛺 = 1. (2)

e may consider 𝑊 as a Heaviside-type step function [20,46]

(𝐱 − 𝐱c) =
⎧

⎪

⎨

⎪

⎩

1
𝐴c

, 𝐱 ∈ 𝛺,

0, 𝐱 ∉ 𝛺,
(3)

here 𝐴c is the area of 𝛺.
After applying integration by parts into the right-hand side of

q. (1), we can get

̃𝑓 (𝐱c) = ∫𝛤
𝑓 (𝐱)𝐧(𝐱)𝑊 (𝐱 − 𝐱c) d𝛤 − ∫𝛺

𝑓 (𝐱)∇𝑊 (𝐱 − 𝐱c) d𝛺, (4)

here 𝐧 signifies the unit outward normal to 𝛤 (refer to Fig. 1). Sub-
tituting Eq. (3) into Eq. (4) then yields

̃𝑓 (𝐱c) =
1
𝐴c ∫𝛤

𝑓 (𝐱)𝐧(𝐱) d𝛤 , (5)

here the gradient of the constant kernel has vanished of itself. Eq. (5)
s readily transformed into its algebraic form

̃𝑓 (𝐱c) =
1
𝐴c

𝑛l
∑

𝑖=1
𝑓 (𝐱mp

𝑖 )𝐧(𝐱mp
𝑖 )𝑙𝑖, (6)

here 𝑛l means the number of segments that compose 𝛤 , 𝐱mp
𝑖 represents

he spatial coordinates of the midpoint on the 𝑖th segment 𝛤𝑖 and 𝑙𝑖
s the length of 𝛤𝑖. Eq. (5) or Eq. (6) indicates that the cell-based
moothed gradient is definitely irrelevant to the location of integration
oint inside the SC [42]. For this reason, the CS-FEM possesses an
nherent flexibility of integrating the smoothed Galerkin weak form
f partial differential equations dominating a vast majority of physical
aws [42,44].

.2. Cell-by-cell integration

For spatial discretization, a computational domain 𝛺 is discretized
nto 𝑛e Q4 elements as usual. That is to say, 𝛺 = 𝛺1 ∪ 𝛺2 ∪ ⋯ ∪ 𝛺𝑛e

and 𝛺𝑖 ∩ 𝛺𝑗 = ∅ where 1 ⩽ 𝑖, 𝑗 ⩽ 𝑛e and 𝑖 ≠ 𝑗. Each Q4 element
is further subdivided into a number of complementary SCs such that
𝛺𝑖 = 𝛺𝑖1 ∪𝛺𝑖2 ∪⋯∪𝛺𝑖𝑛c where 𝑛c is the number of the SCs forming the
th element. After that, the integration rule of the CS-FEM is explicitly
xplicated on a cell-by-cell basis

∫ 𝑓 (𝐱) d𝛺 =
𝑛e
∑

∫ 𝑓 (𝐱𝑖) d𝛺 =
𝑛e
∑

𝑛c
∑

∫ ̃
𝑓 (𝐱𝑖𝑗 ) d𝛺
3

𝛺 𝑖=1 𝛺𝑖 𝑖=1 𝑗=1 𝛺𝑖𝑗
Fig. 2. Configuration of SCs and shape functions for 𝑛c = 4.

=
𝑛e
∑

𝑖=1

𝑛c
∑

𝑗=1
𝑓 (𝐱𝑖𝑗 )𝐴c𝑖𝑗 , 𝐱𝑖𝑗 ∈ 𝛺𝑖𝑗 , (7)

which indicates that the CS-FEM avoids the traditional isoparametric
mapping and maintains certain mesh-free properties in association with
the gradient smoothing.

2.3. SC configuration and shape functions

A wide range of possibilities that we deploy SCs in a Q4 element
can be explored as long as the arrangement satisfies the stability
condition. In each element, the minimum SCs have to be considered to
guarantee the order of the smoothed Galerkin weak form integral [47].
Specifically, 𝑛c ⩾ 2 is able to meet that stability constraint as is proved
in the textbook [47]. In most situations, 𝑛c = 4 is advocated for the sake
of a good balance between the stability and efficiency [20,48]. Fig. 2
illuminates the common SC partition of 𝑛c = 4. We are aware that the
augmented shape functions at five virtual nodes are simply calculated
by averaging the values at four corners. Hence additional degrees of
freedom are never added to the final discrete model. The centroid of the
Q4 element (i.e., Node 9 in Fig. 2) is recommended here as the optimal
integration point [42]. The essential properties of the configured shape
functions are not repeated here since they are detailed in [47].

3. Viscoelastic fluid flow with moving boundaries

3.1. Governing equations

The unsteady isothermal, laminar flow of an incompressible vis-
coelastic fluid occupying a moving domain 𝛺f ⊂ R2 in a time interval
(0, 𝑡∞) is governed by the mass and momentum conservations under
the ALE description

∇ ⋅ 𝐮 = 0 on 𝛺f × (0, 𝑡∞), (8)

f

(

𝜕𝐮
𝜕𝑡

|

|

|

|𝐱0
+ 𝐰 ⋅ ∇𝐮 − 𝐠f

)

− ∇ ⋅ 𝝈f = 𝟎 on 𝛺f × (0, 𝑡∞), (9)

here 𝜕(⋅)
𝜕𝑡

|

|

|𝐱0
is the time derivative in the ALE notation, 𝐱0 the position

f the fixed reference configuration, 𝜌f the fluid density, 𝐮 the flow
elocity, 𝐰 = 𝐮−𝐮m the ALE convective velocity, 𝐮m the mesh velocity,
f the body acceleration of the fluid, 𝝈f the Cauchy stress and 𝑡 the
ime. The Cauchy stress of the viscoelastic fluid can be written as

f = −𝑝𝐈 + T, (10)

here 𝑝 is the pressure, 𝐈 the identity tensor and T the extra stress.
enerally, the extra stress is decomposed into solvent and polymeric
ontributions

= 2𝜇 𝝐 + 𝝉 and 𝝐 = 1 (

∇𝐮 + (∇𝐮)T
)

, (11)
s 2
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where 𝜇s is the solvent viscosity, 𝝐 means the deformation rate tensor,
uperscript T denotes transpose and 𝝉 signifies the viscoelastic stress.
he constitutive equation of the Oldroyd-B fluid model [11] reads

+ 𝜆
▿
𝝉= 2𝜇p𝝐, (12)

here 𝜆 represents the relaxation time, ▿ denotes the upper-convected
ime derivative and 𝜇p is the polymer viscosity. In the ALE context,

▿
𝝉

s explicitly expressed as
▿
𝝉= 𝜕𝝉

𝜕𝑡
|

|

|

|𝐱0
+ 𝐰 ⋅ ∇𝝉 −

(

(∇𝐮)T ⋅ 𝝉 + 𝝉 ⋅ ∇𝐮
)

. (13)

To strengthen the positive definite property of Eq. (12), the polymeric
contribution may be reformulated below

𝝉 =
𝜇p
𝜆
(𝐜 − 𝐈), (14)

in the light of the conformation tensor 𝐜 [49]. With this relationship in
and, the constitutive law of the Oldroyd-B fluid admits the following
epresentation
𝜕𝐜
𝜕𝑡

|

|

|

|𝐱0
+ 𝐰 ⋅ ∇𝐜 −

(

(∇𝐮)T ⋅ 𝐜 + 𝐜 ⋅ ∇𝐮
)

+ 1
𝜆
(𝐜 − 𝐈) = 𝟎, (15)

whereby the corresponding viscoelastic fluid equations are well-posed
in a mathematical sense.

To simplify the fluid computation, we define the following dimen-
sionless scales

𝐱∗ = 𝐱
𝐿
, 𝑡∗ = 𝑡𝑈

𝐿
, 𝐮∗ = 𝐮

𝑈
, 𝐰∗ = 𝐰

𝑈
, 𝑝∗ =

𝑝
𝜌f𝑈 2

, 𝐜∗ = 𝐜, 𝐈∗ = 𝐈𝑈
𝐿

, 𝐠∗f =
𝐠f𝐿
𝑈 2

,

n grounds of the free-stream velocity 𝑈 and the characteristic length
. Applying these scales and dropping all asterisks afterwards, the
imensionless version of the governing equations is finalized as

⋅ 𝐮 = 0, (16)
𝜕𝐮
𝜕𝑡

|

|

|

|𝐱0
+ 𝐰 ⋅ ∇𝐮 + ∇𝑝 −

𝜂
𝑅𝑒

∇2𝐮 −
1 − 𝜂
𝑅𝑒𝑊 𝑖

∇ ⋅ 𝐜 − 𝐠f = 𝟎, (17)

▿
𝐜 + 1

𝑊 𝑖
(𝐜 − 𝐈) = 𝟎, (18)

here 𝜂 = 𝜇s
𝜇 is the viscosity ratio, 𝜇 = 𝜇s +𝜇p the total shear viscosity,

𝑅𝑒 = 𝜌f𝑈𝐿
𝜇 the Reynolds number and 𝑊 𝑖 = 𝜆𝑈

𝐿 the Weissenberg
number. Furthermore, appropriate boundary and initial conditions are
needed to close the set of viscoelastic fluid equations.

3.2. DEVSS-G/CBS(B)-SPGP algorithm

It is found that the DEVSS-G method introduces an elliptic operator
to stabilize the discrete viscoelastic momentum equation and also dis-
cards the objective derivative of the deformation rate tensor [50]. More
importantly, this technique is applicable to any class of constitutive
equations [50]. It is thus quite natural to ally the DEVSS-G method with
the conformation tensor. For this reason, we may recast Eq. (17) into
𝜕𝐮
𝜕𝑡

|

|

|

|𝐱0
+ 𝐰 ⋅ ∇𝐮 − 𝐠f = −∇𝑝 +

𝜂 + 𝜃
𝑅𝑒

∇2𝐮 − 𝜃
𝑅𝑒

∇ ⋅G +
1 − 𝜂
𝑅𝑒𝑊 𝑖

∇ ⋅ 𝐜, (19)

where G = ∇𝐮 is the 𝐿2-projection of the velocity gradient [51] and
𝜃 = 1 − 𝜂 the stabilization parameter. Obviously, the elliptic operator
will vanish in a transparent way if the exact solution to Eq. (19) is
recovered. The added cost and complexity in weak form are marginal
in comparison with the DEVSS method [52].

On the other hand, the second-order CBS(B) scheme is found not
very stable especially for steady-state Newtonian flows because of the
pressure difference [39]. The reduced pressure stabilization is of course
the penalty of increasing the order of splitting error in pressure. To
settle this formidable issue, Nithiarasu and Zienkiewicz [39] turned to
the SPGP technique [38] for assistance. Similarly, care must be taken
to rule out any possibility that the CBS(B) scheme becomes unstable in
creeping viscoelastic flows.
4

To apply the SPGP technique, an auxiliary equation is first defined

𝐪 − ∇𝑝 = 𝟎, (20)

where 𝐪 is the auxiliary variable. Using Eq. (20), we can modify Eq.
(16) as

∇ ⋅ 𝐮 + 𝜙∇ ⋅ 𝐪 − 𝜙∇2𝑝 = 0, (21)

here 𝜙 denotes the stabilization parameter being discussed elsewhere
53,54].

Then Eqs. (21), (19) and (20) are discretized in time as follows

⋅ 𝐮𝑛+1 + 𝜙∇ ⋅ 𝐪𝑛 − 𝜙∇2𝑝𝑛+1 = 0, (22)
𝐮𝑛+1 − 𝐮𝑛

𝛥𝑡
= −𝐰𝑛 ⋅ ∇𝐮𝑛 − ∇𝑝𝑛+1 + ∇𝑝𝑛 − ∇𝑝𝑛

+
𝜂 + 𝜃
𝑅𝑒

∇2𝐮𝑛 − 𝜃
𝑅𝑒

∇ ⋅G𝑛 +
1 − 𝜂
𝑅𝑒𝑊 𝑖

∇ ⋅ 𝐜𝑛 + 𝐠𝑛f , (23)

𝑛+1 − ∇𝑝𝑛+1 = 𝟎, (24)

here 𝐪 is explicitly treated and 𝑝 is implicitly advanced. To go further,
q. (23) is divided into two parts
𝐯 − 𝐮𝑛
𝛥𝑡

= −𝐰𝑛 ⋅∇𝐮𝑛−∇𝑝𝑛+
𝜂 + 𝜃
𝑅𝑒

∇2𝐮𝑛− 𝜃
𝑅𝑒

∇ ⋅G𝑛+
1 − 𝜂
𝑅𝑒𝑊 𝑖

∇ ⋅𝐜𝑛+𝐠𝑛f , (25)

𝐮𝑛+1 − 𝐯
𝛥𝑡

= −∇(𝑝𝑛+1 − 𝑝𝑛), (26)

where 𝐯 indicates the intermediate velocity and the pressure gradient
term is kept in line with Split B [37].

Following the CBS procedure [34], the main steps of the proposed
DEVSS-G/CBS(B)-SPGP algorithm are interpreted below

Step 1: Predict the velocity

𝐯 − 𝐮𝑛
𝛥𝑡

= − 𝐰𝑛 ⋅ ∇𝐮𝑛 − ∇𝑝𝑛 +
𝜂 + 𝜃
𝑅𝑒

∇2𝐮𝑛 − 𝜃
𝑅𝑒

∇ ⋅G𝑛 +
1 − 𝜂
𝑅𝑒𝑊 𝑖

∇ ⋅ 𝐜𝑛

+ 𝛥𝑡
2
𝐰𝑛 ⋅ ∇

(

𝐰𝑛 ⋅ ∇𝐮𝑛 + ∇𝑝𝑛 + 𝜃
𝑅𝑒

∇ ⋅G𝑛 −
1 − 𝜂
𝑅𝑒𝑊 𝑖

∇ ⋅ 𝐜𝑛
)

,

(27)

Step 2: Update the pressure

∇2𝑝𝑛+1 = 1
𝛥𝑡 + 𝜙

(

∇ ⋅ 𝐯 + 𝛥𝑡∇2𝑝𝑛 + 𝜙∇ ⋅ 𝐪𝑛
)

, (28)

Step 3: Correct the velocity

𝐮𝑛+1 − 𝐯
𝛥𝑡

= −∇(𝑝𝑛+1 − 𝑝𝑛) + 𝛥𝑡
2
𝐰𝑛 ⋅ ∇2(𝑝𝑛+1 − 𝑝𝑛), (29)

Step 4: Renew the velocity and pressure gradients

G𝑛+1 = ∇𝐮𝑛+1 and 𝐪𝑛+1 = ∇𝑝𝑛+1, (30)

Step 5: Calculate the conformation tensor

𝐜𝑛+1 − 𝐜𝑛
𝛥𝑡

= − 𝐰𝑛 ⋅ ∇𝐜𝑛 +
(

(∇𝐮)T ⋅ 𝐜 + 𝐜 ⋅ ∇𝐮
)𝑛 − 1

𝑊 𝑖
(𝐜𝑛 − 𝐈)

+ 𝛥𝑡
2
𝐰𝑛 ⋅ ∇

(

𝐰𝑛 ⋅ ∇𝐜𝑛 −
(

(∇𝐮)T ⋅ 𝐜 + 𝐜 ⋅ ∇𝐮
)𝑛 + 1

𝑊 𝑖
(𝐜𝑛 − 𝐈)

)

,

(31)

where 𝛥𝑡 = 𝑡𝑛+1 − 𝑡𝑛 denotes the time step, and the body force and
third-order terms are neglected.

It is of interest to remark that the semi-implicit CBS(B) scheme is
also conditionally stable [37,55]. For the viscoelastic flow, the general
time-step limitations are recommended below

𝛥𝑡 ⩽ 𝛥𝑡crit = min(𝛥𝑡conv, 𝛥𝑡dif f , 𝛥𝑡visc), (32)

here 𝛥𝑡crit is the critical time step, and 𝛥𝑡conv, 𝛥𝑡dif f and 𝛥𝑡visc repre-
ent, respectively, the convection, diffusion and viscoelasticity limits
alculated from

𝑡conv =
ℎ , 𝛥𝑡dif f =

1ℎ2𝑅𝑒, 𝛥𝑡visc = ℎ
√

𝑅𝑒𝑊 𝑖, (33)

|𝐮| 2
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where ℎ signifies the characteristic length of a local element.
Concerning the pressure stabilization parameter, the following in-

quality should be satisfied

⩽ 1
4
ℎ2𝑅𝑒, (34)

in the interest of the numerical stability and computational conver-
gence [38]. According to [36,54], the constraint on 𝜙 can be safely
replaced with

𝜙 ⩽ min(0.5𝛥𝑡crit , 1.0𝛥𝑡). (35)

o make Eq. (35) hold, 𝜙 = 0.25𝛥𝑡 is generally advocated in previous
tudies [38,39,53]. For the CS-FEM, He et al. [54] numerically investi-
ated the effect of 𝜙 on steady-state cavity flow of a Newtonian fluid.
ince 𝜙 = 0.1𝛥𝑡 works slightly better therein, such a choice is employed
or the current scenario.

.3. Spatial discretization for the fluid

The standard Galerkin procedure is applied to discretize the fluid
quations in space. The primitive and auxiliary variables can be ap-
roximated using equal linear interpolations. In association with the
S-FEM, the fully discrete form of the DEVSS-G/CBS(B)-SPGP scheme

s written as follow

𝐌f (𝐯̄ − 𝐮̄𝑛) = − 𝛥𝑡
(

𝐂̃𝑛
u𝐮̄

𝑛 + 𝐆̃𝐩̄𝑛 + 𝜂 + 𝜃
𝑅𝑒

𝐇̃𝐮̄𝑛 + 𝜃
𝑅𝑒

𝐆̃Ḡ𝑛 −
1 − 𝜂
𝑅𝑒𝑊 𝑖

𝐆̃𝐛̄𝑛
)

−
(𝛥𝑡)2

2

(

𝐊̃𝑛
u𝐮̄

𝑛 + 𝐐̃𝑛𝐩̄𝑛 + 𝜃
𝑅𝑒

𝐐̃𝑛Ḡ𝑛 −
1 − 𝜂
𝑅𝑒𝑊 𝑖

𝐐̃𝑛𝐛̄𝑛
)

,

(36)

𝐇̃𝐩̄𝑛+1 = − 1
𝛥𝑡 + 𝜙

(

𝐆̃𝐯̄ − 𝛥𝑡𝐇̃𝐩̄𝑛 + 𝜙𝐆̃𝐪̄𝑛
)

, (37)

𝐌f (𝐮̄𝑛+1 − 𝐯̄) = −𝛥𝑡
(

𝐆̃(𝐩̄𝑛+1 − 𝐩̄𝑛) + 𝛥𝑡
2
𝐐̃𝑛(𝐩̄𝑛+1 − 𝐩̄𝑛)

)

, (38)

f Ḡ𝑛+1 = 𝐆̃𝐮̄𝑛+1 and 𝐌f 𝐪̄𝑛+1 = 𝐆̃𝐩̄𝑛+1, (39)

f (𝐜̄𝑛+1 − 𝐜̄𝑛) = −𝛥𝑡
(

𝐂̃𝑛
u𝐜̄

𝑛 − 𝐃̃𝑛
c 𝐜̄

𝑛 + 1
𝑊 𝑖

(𝐌f 𝐜̄𝑛 − 𝐈)

+𝛥𝑡
2

(

𝐊̃𝑛
u𝐜̄

𝑛 − 𝐄̃𝑛
c 𝐜̄

𝑛 + 1
𝑊 𝑖

(̃𝐋𝑛𝐜̄𝑛 − 𝐈)
))

, (40)

where the bar indicates a nodal quantity and the assembled coefficient
matrices can be found in [2].

4. Finite solid deformation

4.1. Governing equations

Consider that a two-dimensional elastic solid seizes a smooth, con-
tinuous and bounded physical domain 𝛺s ⊂ R2. The flexible body is
constantly subject to the fluctuating fluid forces as a result of prolonged
exposure to the incident viscoelastic flow. The elastodynamics equation
stating the conservation law of momentum of the solid continuum may
be expressed in the absence of structural damping

𝜌s
(

𝐝̈ − 𝐠s
)

− ∇ ⋅ 𝝈s = 𝟎 on 𝛺s × (0, 𝑡∞), (41)

where the dot means the derivative with respect to 𝑡, 𝜌s is the structural
density, 𝐠s indicates the body acceleration of the solid and 𝝈s is the
solid Cauchy stress. For the geometrically nonlinear analysis, the Saint
Venant–Kirchhoff constitutive model is assumed

𝐒 = 𝐃 ∶ 𝐄 and 𝐄 = 1
2
(𝐅T𝐅 − 𝐈), (42)

where 𝐒 signifies the second Piola–Kirchhoff stress, 𝐄 denotes the
Green–Lagrange strain, 𝐅 = 𝐈+∇𝐝 means the deformation gradient and
𝐃 is the elastic constitutive matrix associated with Young’s modulus 𝐸
5

and Poisson’s ratio 𝜈 on the plane stress assumption. We may transfer
𝐒 to 𝝈s through the geometric transformation

𝝈s =
1
𝐽
𝐅𝐒𝐅T, (43)

where 𝐽 = det(𝐅) is the Jacobian.
Similarly, the following dimensionless scales

𝐱∗ = 𝐱
𝐿
, 𝑡∗ = 𝑡𝑈

𝐿
, 𝐝∗ = 𝐝

𝐿
, 𝐸∗ = 𝐸

𝜌f𝑈2
, 𝐠∗s =

𝐠s𝐿
𝑈2

, 𝑚∗ =
𝜌s
𝜌f

,

are used to nondimensionalize Eq. (41) as follow

𝑚∗ (𝐝̈ − 𝐠s
)

− ∇ ⋅ 𝝈s = 𝟎, (44)

here 𝑚∗ is the mass ratio. Eq. (44) is completed with incorporation of
pecified initial and boundary conditions.

.2. Spatial discretization for the solid

Once the Galerkin approximation procedure is finished, we actu-
lly get the smoothed incremental equilibrium equation for dynamic
nalysis

̃𝑛𝛥𝐝̄ = 𝐑̃𝑛+1 − 𝐏̃𝑛 −𝐌s
̈̄𝐝𝑛+1, (45)

here 𝛥𝐝̄ = 𝐝̄𝑛+1 − 𝐝̄𝑛 represents the increment of nodal displace-
ent, 𝐊̃ denotes the smoothed tangent stiffness matrix, 𝐑̃ indicates the

moothed external force, 𝐏̃ is the smoothed internal force and 𝐌s means
he mass matrix. The linearization of Eq. (45) is implemented with
ecourse to the modified Newton–Raphson iterations considering the
otal Lagrangian scheme [56]. The reader may be referred to the early
ublications [2,48,57] for more technical details of the geometrically
onlinear analyses with the CS-FEM.

.3. Time marching

The equation of structural motion is advanced in time with the
eneralized-𝛼 method which possesses controllable algorithmic dissi-
ation in higher modes and minimizes adverse low-frequency dissipa-
ion [58]. The structural unknowns at the generalized midpoints can be
nalytically derived from

̈̄𝑛+1−𝛼m =
1 − 𝛼m
𝛽(𝛥𝑡)2

(𝐝̄𝑛+1 − 𝐝̄𝑛) −
1 − 𝛼m
𝛽𝛥𝑡

̇̄𝐝𝑛 −
1 − 𝛼m − 2𝛽

2𝛽
̈̄𝐝𝑛, (46)

̇̄𝑛+1−𝛼f =
(1 − 𝛼f )𝛾

𝛽𝛥𝑡
(𝐝̄𝑛+1 − 𝐝̄𝑛) −

(1 − 𝛼f )𝛾 − 𝛽
𝛽

̇̄𝐝𝑛 −
(𝛾 − 2𝛽)(1 − 𝛼f )

2𝛽
𝛥𝑡 ̈̄𝐝𝑛,

(47)

where the time integration parameters 𝛽, 𝛾, 𝛼m and 𝛼f are determined
y

= 1
4
(1 − 𝛼m + 𝛼f )2, 𝛾 = 1

2
− 𝛼m + 𝛼f , 𝛼m =

2𝜌∞ − 1
𝜌∞ + 1

, 𝛼f =
𝜌∞

𝜌∞ + 1
, (48)

together with the spectral radius 𝜌∞ ∈ [0, 1] [58]. Furthermore, the
smoothed internal force at the general midpoint is approximated in
accordance with Kuhl and Crisfield [59].

5. Mesh deformation method

Without doubt, precisely capturing time-varying interfaces plays a
vital part in VFSI simulations. In this paper, we present an efficient
two-level mesh deformation method that marries the moving submesh
approach (MSA) [60] with the ortho-semi-torsional spring analogy
method (OST-SAM) [61]. The basic idea behind the MSA is to instan-
taneously update the fluid mesh over which a layer of very sparse
submesh is placed for interpolation. The procedure of the present mesh
moving technique is outlined as follow

Step 1: Extract the meshing information
Step 2: Collect all mesh nodes falling into each submesh zone
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Fig. 3. Gradient smoothing for fluidic excitation along the interface.

Step 3: Compute interpolation functions of each mesh node
Step 4: Begin the time loop

4.1: Gain displacements of boundary nodes of the solid
4.2: Invoke the OST-SAM if interior submesh points appear
4.3: Update the submesh
4.4: Interpolate the mesh based on the new submesh
4.5: Check the quality of the renewed mesh

Step 5: End the time loop

It is important to note that three-node triangular (T3) element is
always feasible for the submesh due to its generality [60]. The quasi-
static equilibrium equations of the OST-SAM are iteratively solved
with the simple successive over-relaxation algorithm [62] since the
coarse submesh results in a small-scale OST spring network. Technical
details of the present two-level method are documented in our early
paper [27]. Without the MSA, the OST-SAM will prove too costly for
mesh updating [63].

6. Partitioned solution strategy

6.1. Interface coupling conditions

The permanent interplay between the viscoelastic fluid and the
submerged elastic solid is realized by imposing the velocity continuity
and stress equilibrium on the interface 𝛴

𝐮 = 𝐝̇ and 𝐭̃f = 𝐭̃s, (49)

where 𝐭̃f = 𝝈f ⋅ 𝐧𝛴s
and 𝐭̃s = 𝝈s ⋅ 𝐧𝛴s

are the smoothed tractions of the
luid and solid, respectively, 𝛴s denotes the structural side of 𝛴 and 𝐧𝛴s

signifies the unit outward normal to 𝛴s.
Here, the viscoelastic fluid traction passed on to the structure is

evaluated in tandem with the unique cell-based gradient smoothing
concept rather than the traditional Gaussian integration. As illustrated
in Fig. 3, either of the two SCs in an interface element is certainly
available for the fluidic excitation calculation. The applied fluid forces
are thus determined by definition in the chosen SC

𝐑̃ = ∫𝛴
𝐍T 𝐭̃s d𝛤 = ∫𝛴

𝐍T
(

−𝑝𝐈 + 2𝜂
𝑅𝑒

𝝐̃ + 1 − 𝜂
𝑅𝑒𝑊 𝑖

(𝐜 − 𝐈)
)

𝐧𝛴s d𝛤

=
𝑚fs
∑

𝑖=1
𝐍T(𝐱mp

𝑖 )
(

−𝑝(𝐱mp
𝑖 )𝐈 + 𝜂

𝑅𝑒

(

∇̃𝐮(𝐱mp
𝑖 ) + (∇̃𝐮(𝐱mp

𝑖 ))T
)

+
1 − 𝜂
𝑅𝑒𝑊 𝑖

(𝐜(𝐱mp
𝑖 ) − 𝐈)

)

× 𝐧𝛴s (𝐱
mp
𝑖 )𝑙𝑖,

(50)

where 𝝐̃ is the smoothed deformation rate tensor and 𝑚fs defines the
number of constituent segments of the interface.
6

6.2. Stabilized CBS(B)-based partitioned semi-implicit coupling algorithm

The formulated VFSI problem embraces a set of coupled nonlinear
algebraic equations to be solved at each time step. The CBS scheme
allows us to divide the coupled system into the explicit and implicit
stages. At this point, the DEVSS-G/CBS(B)-SPGP stabilization is intro-
duced to enhance the numerical stability of the CBS-based partitioned
semi-implicit coupling algorithm [35]. To begin with, a second-order
predictor [64] is adopted to predict the interface at the explicit phase.
The velocity and pressure gradients and the conformation tensor are
explicitly treated therein as well. The block Gauss–Seidel iterative
procedure [65] is carried out for implicit coupling between the fluid
projection and structural motion. The end-of-step velocity is included
within the subiterations in the interest of the stability [36]. The main
steps of the stabilized CBS(B)-based partitioned semi-implicit coupling
algorithm are elaborated below

Step 1: Initialize all field variables and set the count 𝑘 = 0
Step 2: Perform the explicit coupling step

2.1: Extrapolate the position of the fluid–structure interface

𝐱̂𝑛+1(𝑘)𝛴 = 𝐝𝑛𝛴 +
( 3
2
𝐝̇𝑛𝛴 − 1

2
𝐝̇𝑛−1𝛴

)

𝛥𝑡,

2.2: Move the fluid mesh 𝛺𝑛+1(𝑘)
f using the two-level ap-

proach
2.3: Assess the mesh velocity and other necessary geometric

quantities

𝐮𝑛+1(𝑘)m = 𝐱𝑛+1(𝑘) − 𝐱𝑛
𝛥𝑡

,

2.4: Calculate the two auxiliary variables

𝐌f Ḡ𝑛 = 𝐆̃𝐮̄𝑛 and 𝐌f 𝐪̄𝑛 = 𝐆̃𝐩̄𝑛,

2.5: Predict the velocity

𝐌f (𝐮̄𝑛+1(𝑘) − 𝐮̄𝑛) = − 𝛥𝑡
(

𝐂̃𝑛
u𝐮̄

𝑛 + 𝐆̃𝐩̄𝑛 + 𝜂 + 𝜃
𝑅𝑒

𝐇̃𝐮̄𝑛 + 𝜃
𝑅𝑒

𝐆̃Ḡ𝑛 −
1 − 𝜂
𝑅𝑒𝑊 𝑖

𝐆̃𝐛̄𝑛
)

−
(𝛥𝑡)2

2

(

𝐊̃𝑛
u𝐮̄

𝑛 + 𝐐̃𝑛𝐩̄𝑛 + 𝜃
𝑅𝑒

𝐐̃𝑛Ḡ𝑛 −
1 − 𝜂
𝑅𝑒𝑊 𝑖

𝐐̃𝑛𝐛̄𝑛
)

,

2.6: Determine the conformation tensor

𝐌f (𝐜̄𝑛+1(𝑘) − 𝐜̄𝑛) = −𝛥𝑡
(

𝐂̃𝑛
u𝐜̄

𝑛 − 𝐃̃𝑛
c 𝐜̄

𝑛 + 1
𝑊 𝑖

(𝐌f 𝐜̄𝑛 − 𝐈)

+ 𝛥𝑡
2

(

𝐊̃𝑛
u𝐜̄

𝑛 − 𝐄̃𝑛
c 𝐜̄

𝑛 + 1
𝑊 𝑖

(̃𝐋𝑛𝐜̄𝑛 − 𝐈)
))

,

Step 3: Perform the implicit coupling step

3.1: Start fixed-point iterations and set 𝑘 ← 𝑘 + 1
3.2: Update the pressure

𝐇̃𝐩̄𝑛+1(𝑘) = − 1
𝛥𝑡 + 𝜙

(

𝐆̃𝐮̄𝑛+1(𝑘−1) − 𝛥𝑡𝐇̃𝐩̄𝑛 + 𝜙𝐆̃𝐪̄𝑛
)

,

3.3: Correct the velocity

𝐌f (𝐮̄𝑛+1(𝑘)−𝐮̄𝑛+1(𝑘−1)) = −𝛥𝑡
(

𝐆̃(𝐩̄𝑛+1(𝑘) − 𝐩̄𝑛) + 𝛥𝑡
2
𝐐̃𝑛(𝐩̄𝑛+1(𝑘) − 𝐩̄𝑛)

)

,

3.4: Evaluate the fluid force 𝐑̃𝑛+1(𝑘) and pass it on to the
immersed solid

3.5: Solve the elastodynamics equation by the Newton and
generalized-𝛼 methods

(

1 − 𝛼m
𝛽(𝛥𝑡)2

𝐌s + (1 − 𝛼f )𝐊̃𝑛+1(𝑘)
)

𝐝̄𝑛+1(𝑘) = (1 − 𝛼f )𝐑̃𝑛+1(𝑘) + 𝛼f 𝐑̃𝑛 − 𝛼f 𝐊̃𝑛+1(𝑘)𝐝̄𝑛+

𝐌s

(

1 − 𝛼m
𝛽(𝛥𝑡)2

𝐝̄𝑛 +
1 − 𝛼m
𝛽𝛥𝑡

̇̄𝐝𝑛 +
1 − 𝛼m − 2𝛽

2𝛽
̈̄𝐝𝑛
)

,

3.6: Estimate the interfacial residuals

𝐫𝑛+1(𝑘) = 𝐱𝑛+1(𝑘) − 𝐱̂𝑛+1(𝑘−1),
𝛴 𝛴
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Table 1
The meshing information of the cavity flow problem.

Item Fluid Solid Submesh

M1 M2 M3 M1 M2 M3 M1 M2 M3

Element type Q4 Q4 Q4 Q4 Q4 Q4 T3 T3 T3
Number of elements 24 × 24 32 × 32 40 × 40 24 × 1 32 × 1 40 × 1 69 99 115
Number of nodes 625 1089 1681 50 82 122 50 69 82
𝐜
o
t
i
a
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F
p

3.7: Check the convergence: proceed to the next time step if
convergent; otherwise go ahead

3.8: Relax the position of the interface

𝐱̂𝑛+1(𝑘)𝛴 = 𝜅𝐱𝑛+1(𝑘)𝛴 + (1 − 𝜅)𝐱̂𝑛+1(𝑘−1)𝛴 ,

3.9: Compute the new mesh velocity on 𝛴

𝐮𝑛+1(𝑘)m𝛴 =
𝐱̂𝑛+1(𝑘)𝛴 − 𝐱𝑛𝛴

𝛥𝑡
,

3.10: Return

A constant relaxation factor 𝜅 is used for the above subiterative cou-
pling process to which dynamic relaxations [12,66,67] may be prefer-
ably applied. In NFSI [36], the SPGP technique is helpful to reach ex-
tremely low mass ratios while preserving the second-order pressure ac-
curacy. The positive impacts of the DEVSS-G/CBS(B)-SPGP stabilization
on VFSI will be interpreted in the next section.

7. Numerical example

The numerical example is concerned with a leaky square cavity
equipped with a flexible thin bottom. This benchmark problem is
originally designed by Mok and Wall [68] for NFSI, currently serving
as a popular example for testing various FSI solvers. Fig. 4 depicts
the problem definition in reference to the undeformed configuration.
An incompressible Oldroyd-B fluid gets into and comes out of the
square cavity through small breaches near the top lid moving in the
tangential direction. The elastic bottom fixed at two ends is excited to
freely oscillate thanks to the motion of the viscoelastic fluid inside the
cavity. The side length of the cavity is 𝐿 = 1 and its elastic bottom is
𝑏 = 0.002 thick. Both inlet and outlet are assumed to be 0.1 in length.
A harmonically oscillating velocity with the angular frequency 𝜔 = 2

5𝜋
s enforced along the top lid. The inflow and outflow conditions are
dentical to those in [69]: the inflow velocity 𝑢in linearly varies from 0
o 𝑢1 along the inlet while the pressure-free condition is applied at the
utlet. No-slip condition is imposed on the two lateral rigid walls and
he upper surface of the bottom. The physical parameters of the VFSI
ystem are given as: 𝜌f = 1, 𝜇 = 0.01, 𝜂 = 0.5, 𝑊 𝑖 = 0.1, 𝑅𝑒 = 100,
s = 500, 𝐸 = 250 and 𝜈 = 0.

The mesh sensitivity is first investigated by varying the FE resolu-
ion. Three different meshes are utilized here to make sure consistent
onvergence of the developed method with mesh refinement. The
eneration of the FE mesh and MSA submesh is summarized in Table 1.
he square cavity and thin membrane are uniformly discretized with
4 elements. The schematic representation of M3 and its corresponding

ubmesh is displayed in Fig. 5. Appropriate time step size is assigned
o each mesh while zero-valued field variables are initiated at 𝑡 = 0.

To quantitatively examine the mesh independence, Table 2 lists the
ertical amplitude 𝐴2, peak of vertical displacement 𝑑2,max, its mean
alue 𝑑2,mean and root-mean-square error (RMSE) 𝑑2,rmse, and oscillation
requency 𝑓o calculated on the three meshes. Note that the measuring
oint is placed in the middle of the top of the thin bottom. Generally
peaking, the deviation among the three sets of computed parameters is
egligible in the table. Moreover, all computed oscillation frequencies
re equal and very close to the driving frequency 𝑓 = 𝜔

2𝜋 = 0.2. In each
ase, the finite deformation of the flexible thin membrane has been
uccessfully induced by the cavity flow which is driven by the periodic
angential velocity specified on the top lid. The time evolution of 𝑑 and
7
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Table 2
Summary of some computed parameters on different meshes.

Mesh 𝐴2 𝑑2,max 𝑑2,mean 𝑑2,rmse 𝑓o
M1 0.0272 0.318 0.2902 0.0161 0.205
M2 0.0261 0.331 0.2980 0.0180 0.205
M3 0.0264 0.320 0.2940 0.0172 0.205

Fig. 4. Viscoelastic fluid flow inside an open cavity with a flexible bottom.

at the measuring point are shown in Fig. 6, respectively. It is clearly
bserved from both pictures that all meshes engender almost the same
ime histories of the two selected variables. Different from [9,70], the
nertia of the flexible solid brings about the positive mean displacement
mong all cases. The stable periodic oscillations are well established
fter a growth phase and the deflections away from the horizontal axis
re relatively large. Based upon the above observation, M3 is employed
or further analyses of the VFSI problem.

Fig. 7 compares the time histories of the measuring point using the
eveloped semi-implicit method and the implicit approach presented
n [2], respectively. It is revealed in the picture that the current method
nspires somewhat higher-amplitude oscillations than the implicit cou-
ling method does [2]. The evident deviation among different computer
imulations also takes place in NFSI seeing that Habchi et al. [69]
ummarized some previous results from the open literature. We are
ot surprised by the difference as the open cavity flow itself is highly
ensitive to boundary conditions as well as numerical approaches.
urthermore, the transition from the initialization phase to periodic
hase happens at 𝑡 = 16.5 which seems fairly close to the time slice

given in [71]. In summary, the predicted vertical displacement curve
is reasonable in this paper.

To highlight the stabilization effect of the presented semi-implicit
coupling method, Fig. 8 monitors the time-dependent profiles of ver-
tical displacement calculated with and without the DEVSS-G/CBS(B)-
SPGP stabilizer. Both the CBS(A)-based and CBS(B)-based semi-implicit
coupling algorithms proposed by He et al. [35,36] are deliberately
run for comparison. Fig. 8 reveals that the first-order CBS(A)-based
scheme fails to ensure correct flow-induced responses of the flexible
bottom. The second-order CBS(B)-based scheme, even equipped with
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Fig. 5. Snapshots of medium mesh and submesh of the VFSI problem.
Fig. 6. Time histories of the measuring point based on different meshes.
Fig. 7. Comparison of displacement evolution using semi-implicit and implicit coupling
solvers.

the DEVSS-G technique, has also underperformed in this event since
the exposed oscillations of the measuring point show some destabilizing
characteristics. Xue et al. [72] explained that, for transient viscoelastic
fluid flows with inertia force, the stabilizers aimed at steady-state
situations may alter the equation type or overly diffuse the velocity
field in the presence of solvent viscosity. It is thus realized that,
the CBS-based partitioned semi-implicit coupling methods are very
likely to predict inaccurate VFSI phenomena on condition that the
DEVSS-G/CBS(B)-SPGP technique is not activated. In our numerical
experiments, the CBS(B)-SPGP method is a good remedy to both the
DEVSS-G formulation and second-order pressure splitting error such
that the combined DEVSS-G/CBS(B)-SPGP stabilization has rendered a
8

Fig. 8. Computation of vertical displacement with and without DEVSS-G/CBS(B)-SPGP
stabilization.

valuable capability to considerably improve inferior numerical results
in Fig. 8.

Referring to Huang et al. [73], we gradually change the structural
density in an effort to further understand the stability of the presented
semi-implicit coupling method. To be specific, 𝜌s = 100, 200, 400 and
500 are calculated in Fig. 9 for plotting the evolution of 𝑑2 and 𝑝,
respectively. The structural density much smaller than those of [9,73] is
reached here. We are aware that, in the analytical mass–spring–dashpot
model [9], extensive implicit iterations are required at each time step
for small solid-to-fluid mass ratio, indicating that numerical difficulties
are probably encountered as a result of the added-mass effect [74].
Applying fixed-point iterations along with constant relaxation, the
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Fig. 10. Efficiency comparison between the semi-implicit and implicit coupling sche-
mes.

present study asks for just a few subiterations per time step between
the fluid projection and structural motion. The proposed semi-implicit
scheme demands far less subiterations per time step than previous
implicit scheme [2]. Seen from Fig. 9, periodic vibrations and fluctu-
ating pressure of the structure have been authentically established at
various densities. Meanwhile, no spurious oscillations are reported at
all among all cases. It is inferred that the presented method adapts to
the adverse added-mass effect [74] better, as is the case of NFSI [36].
Fig. 9(a) reports a downward trend both in deflection and amplitude
being calculated at diminished structural densities. This is because the
inertial force of the solid continuum becomes weaker with the decrease
of the structural density and thus is easier to be counteracted by the vis-
coelastic fluid forces. The pressure appears less sensitive to the change
in structural density in Fig. 9(b). The periodic steady-state evolution
of 𝑝 is visibly exposed therein when 𝑡 > 25. So far, the importance of
reserving and stabilizing the second-order splitting error in pressure
ia the SPGP technique for the DEVSS-G formulation of the momentum
quation has been attached to the CBS-based semi-implicit coupling
lgorithm in the VFSI analysis.

A comparative analysis of computational efficiency of the semi-
mplicit and implicit coupling schemes is provided in Fig. 10. The
ondimensional time 𝑡 = 100 is taken into account as this elapsed time
s sufficient to stimulate a large number of stable periodic oscillations
f the elastic structure. Seen from Fig. 10, the semi-implicit algorithm
urprisingly makes a saving of over 60% computing expense over its
mplicit counterpart [2]. By contrast, the implicit algorithm is too
ostly at this time. Hence, the present stabilized semi-implicit coupling
ethod manifests itself as a faster solution to VFSI.
9
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The contours of the streamlines as well as the deflection of the solid
t a few representative time instants are chronologically presented in
ig. 11. These streamlines demonstrate that the viscoelastic fluid flow
s circulated throughout the cavity thanks to the moving top lid. Ac-
ordingly, the elastic bottom undergoes finite deformation and strong
scillations thanks to the internal circulation of the fluid flow. Since
he Oldroyd-B fluid does not have the shear-thinning/shear-thickening
roperty, the resultant flow phenomena seem rather similar to those
f NFSI. For example, the vortices are identified at both left-lower and
ight-lower corners of the square domain. It is also observed that, the
elocity layer parallel to the moving lid becomes significantly thinner
hen the periodic oscillations are fully established. Thus it is easy

o recognize that the predicted streamlines coincide with, to a large
xtent, not only the contours of VFSI [40,43] but also the composite
llustration in NFSI [69,73,75].

. Conclusions

In this contribution, the DEVSS-G/CBS(B)-SPGP stabilization has
een proposed for the CBS-based partitioned semi-implicit coupling
lgorithm with application to transient VFSI analysis. The constitutive
quation of the Oldroyd-B fluid is expressed in terms of the conforma-
ion tensor to strengthen the positive definiteness since the DEVSS-G al-
orithm is general. The combined NS and constitutive equations are re-
olved with the help of the DEVSS-G/CBS(B)-SPGP stabilizer such that
he second-order pressure accuracy is still retained in the fractional-step
rocedure. The elastodynamics equation of the geometrically nonlinear
olid is linearized through the modified Newton–Raphson procedure
ncorporating the generalized-𝛼 time marching method. The entire VFSI
ystem is formulated in the ALE-CS-FEM notion where all gradient
elated terms are smoothed for the softening effect. Particularly, the
ell-based smoothing gradient concept is used for imposition of the
iscoelastic traction along the deformable interface. The partitioned
emi-implicit coupling algorithm makes use of the second-order CBS(B)
cheme to form the explicit–implicit coupling of fluid and solid media
y splitting the NS equations into two main stages. Here, the end-
f-step velocity is compulsorily iterated at the implicit stage. The
stablished framework can gain computational benefits from both the
BS(B) fluid solver and the modified semi-implicit coupling procedure.
he DEVSS-G/CBS(B)-SPGP formulation that perfectly conforms to such
staggered solution provides very good stabilization for the semi-

mplicit VFSI coupling. It is seen that the simple block-Gauss–Seidel
roduce shows excellent performance during the implicit subiterations
er time step even without invoking any accelerator. A well-known
FSI model problem is subsequently analyzed in detail using the pro-
osed methodology. The major features of mixed viscoelastic flow and
low-induced vibration are successfully captured. The comparison with
xisting numerical algorithms has emphasized the advantages of the de-

eloped semi-implicit coupling scheme. In this event, we are impressed
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Fig. 11. Snapshots of the streamlines and deflection of the bottom at various time slices.
by the DEVSS-G/CBS(B)-SPGP stabilization with which the CBS-based
partitioned semi-implicit coupling algorithm is capable of improving
the stability considerably and boosting the efficiency dramatically.
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